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In This Apportionment Lottery,
the House Always Wins
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Elegant mathematics & political drama.



Randomized Apportionment [Grimmett04]

mmmmmmmm G. Stochastic Apportionment.
Am. Math. Mon. 111, 299-307 (2004).



Ex-Ante Proportionality: State’s expected
number of seats equals its proportional share.

QuOta (eX P OSt) ¢ Grimmett, G. Stochastic Apportionment.
Am. Math. Mon. 111, 299-307 (2004).



Axioms Leave Too Many Candidates

Essentially, ex-ante proportionality & quota <
probability proportional to size sampling (mps):

The following is a list of 50 mpswor procedures.

each
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Procedure 20

Ordensd Sycrenstie Pwacedure; Madaw (19ug),

Fancen Systematic Freowdww, Goodman and Kish (1930).
Crurdy's Svstapatic [rocedure; Grundy (1954).

Yater Srundy Iraw-by-Lraw Procedure: Yales amd Grumly
(1453).

Yalerrorumdly Je‘estive Pracedure; Yates and Geinty

(8530,

Midsunvw's Fivewdwie; reporied by Morvitz and Thompucn
(1s520.

Naraln's Procedure; Naraln [1351).

Arever'a Pracadure s Hesser (LIRS, 10780,

Curbin's "Fathod I"; Durbin (1967).

tsin's "rvouped Methud™; Dovban (1357 ),

Rac-fanpford Procedure; Pac (1965), Sanplcrd (1967).
urnineSarpford Precadure; Sampfesd [1967).

Fellogl's Fyocedure; Fellegi (196).

Cayroll-lta=tlay Rejorrive “macedura; Carrel)l and Harrley
1364,

varrool-Hartley raw-by-lraw Procedure; Carroll and Farriey
[1384),

larroll Haetley Nhols Sample Procedurc: Carroll and Haotley
(1sn8) .

Durbin-Kanurav Froccdure; Jurbin (13830); Hanurav (1956,
137},

Yapurav's Scheme B-4'i Hanurev (1927].

Hamuriv Lijayan Frasedure; Hamuray (1967);  Vi‘ayan [13s2).
Raj's VYavlanow Hinlsizatica Frocedure; Raj (195031).
Hanurav'a Simple Jurertional Procediray Hanurav (1962:].
Hanwiav"s Modified Jumciivial Procedure: Haoueav (13623),

Manurav's Double Juncticnel Frocedurz; Hanurav (12620,
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Hanurev's Sewguercial Prouwourw; Hanumae (196227,
Rau-Hactley=Ucghpan Precedure; hao, Hariley arnd “ochoan
(1963).

Stevens! Pracad me;  STevers (1953),

Polzcen Samplirg; Kajek 13640,

Jajek's "Method ["; Hajek (13ouk).

Hdajek's “Method [I"; Hajek (196%b).

Vajek'e Method [I1", Tajex (13€ul).

Kajek's "Mcthod V1 Halek (138sh).

Jeniug's Syslwialivc Provedure; Desing (1360).
dAriance Carisaten Jptimirarian Pracedure; RBeever and
Fanif (LS&3a),

Jaagen'a Vathed 17y Jesser [1389).,

Jussen's "Vetnod 27 Jessan (L19LZ).

Jessen's "Vetaod 373 Jdesaan (1963).

Jesaen'a "vethed Ly Jemsen {1963).

Folifimd Poisson Sanpling, (gus apd Clavk € 1971).
Colloca.ed Sanplings Brwwwr, Bacly and Hanif (18600,
Laz-Mohanty [rocedura; TAs Ard Mahanty (1373),
ruzhopadhyay'as Precedure:  Yukhopadhyay (1372).
5iana's Extenslon Frocezwre, Sinna (19rl).

Sinha's Reduction Procsdwre; Sinna (1971).
Chavdhuri's Poocedure; Thaudmuri (197E).

Latiri's Pococdure; Lahiri (29510,

keca-Yidrone Procedise; Midmune (1952),

rullee's “Schene B Fullor (1971).

Singn's Pracedure; Singy (1978).

Choudhry’s Frovedure; Clwudhey (16750,

Chrowy's irccedure, Lhreay (1974).

Brewer, K. R. W. & Hanif, M. Sampling with
Unequal Probabilities. (Springer, 1983).



Grimmett's Definition of a Method

Grimmett, G. Stochastic Apportionment.
Am. Math. Mon. 111, 299-307 (2004).



Our Definition of a Method

Grimmett, G. Stochastic Apportionment.
Am. Math. Mon. 111, 299-307 (2004).
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Still, J. W. A Class of New Methods for
Congressional Apportionment. SIAM J.
Appl. Math. 37, 401-418 (1979).
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Ex-Ante Proportionality + House Monotonicity
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W. Picking sequences and monotonicity in weighted fair
division. Artif. Intell. 301, 103578 (2021).
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What Else Is This Good for?

- Characterization of quota + house monotone
solutions as vertices of matching polytope.

- House-monotone apportionment = picking

sequences for weighted fair division. Quota
implies WPROP1 [CSS21].

Chakraborty, M., Schmidt-Kraepelin, U. & Suksompong,
W. Picking sequences and monotonicity in weighted fair
division. Artif. Intell. 301, 103578 (2021).
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“Quota” in Rounding Bipartite Graphs

Pipage rounding [GKP+06]:

- marginal distribution
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“Quota” in Rounding Bipartite Graphs
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“Quota” in Rounding Bipartite Graphs

Pipage rounding with “cumulative rounding”:

- marginal distribution
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Results:

- ex-ante prop. + quota + house monotonicity
- cumulative rounding

- more results for population monotonicity

Future work: Other axioms for randomized
apportionment, e.g.: if states S grow and others
shrink, probability of S all rounded up should increase.

Check out our paper!
tinyurl.com/randomseat



