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Distortion for Ballot Formats 2

Distortion of  on specific preference profile: 

. 

Distortion of : 
. 

How can we define the unavoidable distortion 
when using ranked choice ballots? 

.

f

dist( f, σ) := sup
u⊳σ

maxx∈M SW(x, u)
SW( f(σ), u)

f
dist( f ) := supσ∈ℒn dist( f, σ)

distranking := inff:ℒn→M dist( f )

“judge  by its worst 
performance on any ”

f
σ

(back to nonnegative 
utilities, no metric.)



Comparing Ballot Formats 3



Comparing by Inherent Distortion 4

Know that (deterministic) . 
Measures how much welfare you might have to 
lose, no matter how good your voting rule. 
Idea: determine inherent distortion of other 
ballot formats, lower is better.

distranking = Θ(m2)



Example: Single-Choice Ballots 5

Voter  just gives favorite candidate  on ballot. 
“ ” means that  for all . 
Then, distortion of rule : 

, 

. 

We know  because plurality. 
 since any single-choice rule 

can be implemented as a ranked-choice rule.

i ci
u ⊳ c ui(ci) ≥ ui(x) i, x

f : Mn → M
dist( f, c) := sup

u⊳c

maxx∈M SW(x, u)
SW( f(c), u)

distsingle := inff:Mn→M supc dist( f, c)

distsingle = O(m2)
distsingle = Ω(m2)

Still assume  are 
nonnegative, add to 1.

ui(x)



Example: Top-3 Approval 6

Voter  approves their top-3 alternatives. “ ” 
means that  for all . 

, 

.

i u ⊳ A
ui(x) ≥ ui(y) i, x ∈ Ai, y ∈ M∖Ai

dist( f, A) := sup
u⊳A

maxx∈M SW(x, u)
SW( f(A), u)

disttop-3 := inff:(M
3 )n→M supA dist( f, A)

pollev.com/goelz

What is the distortion of top-3 
approval? 

Assume  are 
nonnegative, add to 1.

ui(x)
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“Youth Lead the Change” PB in Boston, $1M budget in 2015. 
Source: https://pbstanford.org/boston15/approval

https://pbstanford.org/boston15/approval


Distortion for Participatory Budgeting 8

Let’s revisit participatory 
budgeting! 
So far, we assumed 
approval ballots, but voters 
ranking projects also very 
common.



Participatory Budgeting Model 9

Voters . Alternatives/projects . 

Budget , and cost  for each alternative . 
Let  denote the set of feasible outcomes 

. 

Each voter  has a value  for each project . Assume 
normalization . 

Voter  has additive utility  for sets  of 
projects. Utilitarian welfare .

N = {1,2,…, n} M, |M | = m
B > 0 0 < cx ≤ B x

ℱ
ℱ = {W ⊆ M ∣ ∑x∈W cx ≤ B}

i vi(x) ≥ 0 x
∑x∈M vi(x) = 1

i ui(W) := ∑x∈W vi(x) W
SW(W, v) := ∑i∈N ui(W)



Ranking projects:
🚲  🛝  🌳≻ ≻

Approving projects:
☑︎🚲 ☐🌳 ☑︎🛝

How Do People Vote in PB? 10

How do ballots reflect utilities?
- Knapsack: Voter approves 

feasible set with maximum utility. 

- Top- : Voter approves  projects 
with largest values. 

- -Threshold: Voter approves all 
projects with value .

t t

t
≥ t

- Rank-by-value: Voter ranks 
projects in order of . 

- Bang-per-buck: Voter ranks 
projects in order of .

vi(x)

vi(x)/cx

more 

inform
ativ

e

Which one do you favor?



Knapsack Voting Example 11

pollev.com/goelz

For knapsack ballot format, which 
set of projects does  approve?i

project a b c d e
cost $12 $12 $8 $6 $3

vᵢ 5 6 3 2 3

Voter  votes in PB election with :i B = $24



Distortion of Voting Rules 12

For each of these ballot formats, can compute 
the distortion of a social choice function : 

 (for approval), 

 (for rankings).

f

dist( f ) = sup
A,v⊳A

maxW∈ℱ SW(W, v)
SW( f(A), v)

dist( f ) = sup
σ,v⊳σ

maxW∈ℱ SW(W, v)
SW( f(σ), v)

If voting rule is randomized, 
expected social welfare.

Consistency depends on 
whether knapsack, top- , …ti



Distortion of Ballot Formats 13

The distortion of a ballot format (e.g., knapsack 
approvals, rank-by-value, …) is the smallest 
distortion achieved by any social choice function 
on this ballot format, e.g., for ranking formats: 

.distformat := inff:ℒn→Δ(M) dist( f )

Allow randomization this time!



Distortion Landscape 14

Goal: Place the ballot formats on this line!

1 ∞mmlog m



Upper Bound for all Voting Formats 15

Let  be the social choice function that 
selects a single alternative, uniformly at random. 
Observation: Since  ignores its input, it is 
a social choice function for any ballot format! 
Theorem (Benadè et al. 2021). Any ballot format 
has distortion at most .

frand-alt

frand-alt

m



Distortion Landscape 16

1 ∞mmlog m

all formats ( )≤ m



Distortion Landscape 17

1 ∞mmlog m

all formats ( )≤ m

Knapsack 
approval 

( )Θ(m)



Distortion Landscape 18

1 ∞mmlog m

all formats ( )≤ m

Knapsack 
approval 

( )Θ(m)

rank-by-value, bang-per-buck 
( )Ω( m), O( m log m)



Threshold Approval Format 19

If single threshold is deterministically chosen, 
distortion is still at least . 
Theorem (Benadè et al. 2021). If the thresholds 
are randomly set in the right way, the distortion 
of threshold approval is at most .

Ω( m)

O((log m)2)



Distortion Landscape 20

1 ∞mmlog m

all formats ( )≤ m

Knapsack 
approval 

( )Θ(m)

random threshold approval 
( )O((log m)2)

rank-by-value, bang-per-buck 
( )Ω( m), O( m log m)



Try Out Some Ballot Formats! 21

You are stranded on a remote 
island. There are 10 items which 
may increase your chances of 
survival. Each item has a cost, and 
there is a budget of $65.

tinyurl.com/4360-island

Vote with rank-by-value, knapsack, 
and bang-per-buck!

($10)

($20)

($3)

($10)

($30)

($8)

($25)

($10)

($5)

($5)



Discuss With Your Partner 22

Among the three ways of reporting your 
preferences: 
- which one was easiest? 
- which left you most confident that you gave the 

right answer (based on your own preferences)? 
- which captured your preferences best?



Consistency for Online Participants 23

Benadè et al (2018) asked participants to directly 
report their values. How often are responses to 
format consistent with values?

Top-5 Approval
0.1-Threshold Approval

Knapsack
Rank-by-Value

Bang-per-Buck



Response Times for Online Participants 24

Top-5 Approval
0.1-Threshold Approval

Knapsack
Rank-by-Value

Bang-per-Buck

Values (spread 100 points)



Distortion in Practice? 25

Top-5 Approval
0.1-Threshold Approval

Knapsack
Rank-by-Value

Bang-per-Buck

100% 98% 96% 94% 92% 90%

fraction of optimal SW

Run the social choice function that minimizes 
distortion on each voting format:

All ratios much better than 
distortion bounds. 

Bang-per-buck & Top-
Approval great, Rank-by-
Value bad. 
Limitations: 
- Unnatural voting rule 
- Maybe limited to island 

scenario

t
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