Implicit Utilitarian Voting

Paul Golz

| ecture 16, ORIE 4360/5360, Fall ‘26



Recap: Cardinal Utilities

Fach voter 1 has a utility u(x) € R for each
alternative x, which measures the amount ot
happiness/satistaction they get it x wins.

A utility profileu = (uy, ...,u,) € (M = R)"is a
vector with a utility function for each voter.

The utilitarian welfare of alternative x is
SW(x,u) := ZieN 1(x).



Recap: Cardinal Utilities

| ast time, we saw that cardinal utilities are much
more expressive than rankings/approvals, for
example because they can express intensity.

But we also discussed reasons not to directly ask
voters for cardinal utilities: difficulty of elicitation
and big opportunities for manipulation.

Now: Analyze ranked-choice elections through
the possible cardinal utilities behind the
rankings.



Back to our Basic Voting Model

Voters N = {1,2,...,n}.
Alternatives M = {a, b,c, ...}, | M| = m.

Fach voter i has a ranking 0; € &£ over the
alternatives; a >_ b means that i prefers a to b.

A preference profile 6 € £" is a collection of all
voters' rankings.

A social choice function is a functionf : &£" —- M.



Consistent Rankings

Lletu; : M — R be a utility function, and 6; € &£ a
ranking of alternatives. o; is consistent with u,

("u; > o;") if, tor all x,y € M with x >y, it holds
that u(x) > u(y).

Which rankings are consistent with u;?
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Distortion of a Preference Profile

For a given preference profile 6 € &£" and social
choice function f, define f's distortion on 6 as:

SW(x,
dist(f.6) = sup maX,ey SWX. #)
U>o SW(f(O-)a u)

where "u > 6" ranges over all utility profiles
u=(up,...,u,) € (M — R_;)" such that i; > o;
and erMui(x) = ] foralli € N.




Implicit Utilitarian Voting

Conceptually: want to maximize utilitarian

weltare, but only know the rankmgs not the
utilities ("implicit utidi g”).

dist(f, 6) :=

Supremgm means we take WOTrst- Measures how much better we could
case utilities, which make ratio as

. | e have done than f(6). Ratio at least 1
high as possible. But definition db y df( ) . . '
restricted to nonnegative utilities, cou € &0 It denominator Is zero.
that add up to 1 for each voter.



Compute Borda Distortion

| B max ., SW(x, u)
E H dist(f,0) := SUPWI
uuuu us>o ?

HE where “u > 6" ranges over all utility profiles
Hﬂ. u—(ul ,M)E(M—> >O)nSUCh thatu > o, and
C

Zx u(x)=1+foralli € N.
ela]c "
EI ""-"EI

What is the distortion of Borda

count on the profile above?
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Distortion of a Voting Rule

We can also detine the distortion ot a voting rule
without referring to any fixed preference profile:

dist(f) := sup e o dist(f, 6).
.e., consider the worst-case preference profile.

For example, last poll question shows that the
distortion ot Borda can be infinite.



Distortion of Plurality

Theorem [Caragiannis & Procaccia 2011].
- )
d'St(fplura\ity) <m”—1.

Proof. If x is ranked first in o;, then u,(x) > 1/m for all
u; > o; (assuming utilities nonneg., sum 1).

The plurality winner must be ranked first by at least n/m
voters. So, in any consistent i,

SW(f sy lurality- ) > n/m?.

). SW(y,u) = n, so no other alternative can have
yeM ) |
— 1 times higher welfare. D

more than m



Lower Bound on Distortion

Theorem [Caragiannis & Procaccia 2011]. Each
(deterministic) social choice function has

distortion Q(m?) (i.e., at least on the order m?).
[Proof on Blackboard.]



=0 f / X ;
A ’/ﬁ —dle CﬂL%\ Huje

1 ﬁ«fd- -L/’\Q 57/ G f mf—ef

“‘H\/’\wjv
p /ﬂ /()7[‘0/«";(’/_3 l\ (J
'{é\ck“ OJ_,Q OM IO \OCS ﬁ\C\"D ert ‘f /I/A 'gc,( "! Ul I (¢

1D fw{ Zer o csv[&’d'w"%.

SR n
S\L\h(ﬁ(@)/u\ = VTL(—;L |
| - % ‘£
S, )= 2 8 (e $-Biege i
‘ ”_ A +~/-f\—---: /( ,(
O{’S)L(\é)koei&# <’£;5\)>/ 2 f,z‘i;\—/.) . (M‘/{) o W&("’\"/g 5 —2____

A CM-'Q :Q( h}\?\

A W
(W\-4) M(M-/() /




The Revenge of Plurality

Theorem [Caragiannis & Procaccia 2011].
- )
d'St(fp\ura\ity) <m"—1.

Theorem [Caragiannis & Procaccia 2011]. Each
(deterministic) social choice function has

distortion Q(mz) (i.e., at least on the order m?).

For once, plurality comes out on top!



Distortion Landscape

P\ura\ity Borda
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deterministic rules (Q@m?))



Instance-Optimality

Plurality has optimal worst-case bound (up to
constant tfactors). Can we find a voting rule that

has the best distortion on every 67

max,..,, SW(x', u)
ey SUp————— has the
o SW(x, u)

best distortion, by definition.

™ = argmin



Computing Instance-Optimal Rule

Steps:

SW(b, u)
- For each a # b, calculate d, ,, := sup ————.
| use SW(a, u)

- Return argmin _, max ,c,,d, .

eM



Question

blcldie]a
afalb

clefelalb
blclble
efdlafc|c

SW(a, u) .

What is d,, , := sup

e SW(D, u) '




Computing Instance-Optimal Rule
SW(b, u)

How to calculate d, ;, := sup ——7
e OW(a, u)

Can compute u that makes b as good as possible
while making a as bad as possible. For each 1:

-1t b >_ a, equally divide utility between b ana
all better-ranked alternatives, zero tor a.

-If a >_ b and a not ranked first, give all utility to
first-ranked.

- Else, give all alternatives utility 1/m.
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