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Recap: Extended Justified Repr. (EJR) 2

Definition. For , a group  is called 
-cohesive if . 

Definition.* A committee  satisfies extended 
justified representation (EJR) if there are no         

-cohesive groups  of size  such that 
 for all . 

A social choice function satisfies EJR if it returns, 
for any input profile, an EJR committee.

1 ≤ ℓ ≤ k S ⊆ N
ℓ |⋂i∈S Ai | ≥ ℓ

W

ℓ S ≥ ℓ ⋅ n/k
ui(W) < ℓ i ∈ S

* Slightly rephrased, but equivalent to last lecture.



3

“Youth Lead the Change” PB in Boston, $1M budget in 2015. 
Source: https://pbstanford.org/boston15/approval

https://pbstanford.org/boston15/approval
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Source: https://democracyspot.net/

Porto Allegre (🇧🇷) 
since 1989

Paris (🇫🇷): €80M 
in 2025

NYC (🇺🇸): $1M per 
district in 2026



Coming to Ithaca? 5

Source: https://www.youtube.com/watch?v=FQGYPr9CWpg



Participatory Budgeting Voting Model 6

Voters . Alternatives/projects . 
Each voter  has an approval set  of projects; 
preference profile  is a collection of all voters’ 
approval sets. 
Budget , and cost  for each alternative . Let  
denote the set of feasible outcomes 

. 

Social choice function is a function , 
decides which projects to fund.

N = {1,2,…, n} M, |M | = m
i Ai ∈ 𝒫∗(M)

A ∈ 𝒫∗(M)n

B > 0 cx > 0 x ℱ

ℱ = {W ⊆ M ∣ ∑x∈W cx ≤ B}
f : 𝒫∗(M)n → ℱ



PB and Multi-Winner Elections 7

Budget , and cost  for each alternative . Let  
denote the set of feasible outcomes 

. 

Observation: If we set all costs to 1 and , 
. Shows that participatory 

budgeting setting generalizes multi-winner elections (except 
that technically allowed to select  alternatives).

B > 0 cx > 0 x ℱ

ℱ = {W ⊆ M ∣ ∑x∈W cx ≤ B}
B = k

ℱ = (M
k ) ∪ ( M

k − 1) ∪ ⋯ ∪ (M
0 )

< k

Can you think of any social choice function for 
the participatory budgeting? 



Generalizing Multi-Winner Rules 8

Approval voting (AV):
. 

Proportional Approval Voting (PAV):
. 

In practice, people often do greedy AV, even 
simpler: Go through projects from highest 
approval score to lowest. If still fits in the budget, 
fund it; else, skip to next.

fAV(A) := argmaxW∈ℱ ∑i∈N |Ai ∩ W |

fPAV(A) := argmaxW∈ℱ ∑i∈N H|Ai∩W|
Ht = 1

1 + 1
2 + ⋯ + 1

t



Paris 2019 Example (4e Arr.) 9

Budget: €1,465,000 AV
Greedy 

AV



Is PAV Still Proportional? 10

Which projects does PAV choose in Twotown?

Budget $90k fPAV(A) := argmaxW∈ℱ ∑i∈N H|Ai∩W|

Ht = 1
1 + 1

2 + ⋯ + 1
t



PAV Fails EJR 11

Budget $90k

Budget $90k

Which projects 
does PAV choose in 
Onetown?

fPAV(A) := argmaxW∈ℱ ∑i∈N H|Ai∩W|

Ht = 1
1 + 1

2 + ⋯ + 1
t

pollev.com/goelz



PAV Fails EJR 12

Budget $90k

Budget $90k fPAV(A) := argmaxW∈ℱ ∑i∈N Hui(W)

Ht = 1
1 + 1

2 + ⋯ + 1
t

PAV does not see the costs, but 
the costs change what is 
proportional.



Let’s Generalize EJR 13

Definition. An outcome  satisfies extended 
justified representation (EJR) if there is no group 

 and set  of projects such that 
-  
-  
-  “all  are happier with  than ”.

W

S ≠ ∅ T
T ⊆ ⋂i∈S Ai

|S | ≥ n ⋅ (∑x∈T cx)/B
i ∈ S W T



How To Define “Happier”? 14

In multi-winner elections, only natural choice was 
counting approved projects: . 
In PB, this is one option, cardinality utilities. 
Other natural option: more expensive approved 
projects make voter happier. Cost utilities: 

. 
Will define EJR for either option.

ui(W) = |Ai ∩ W |

ui(W) := ∑x∈Ai∩W cx



EJR 15

Definition. An outcome  satisfies extended 
justified representation (EJR) if there is no group 

 and set  of projects such that 
-  
-  
-  for all , .

W

S ≠ ∅ T
T ⊆ ⋂i∈S Ai

|S | ≥ n ⋅ (∑x∈T cx)/B
i ∈ S ui(W) < ui(T)

Works for cardinality 
utilities. For cost utilities, 
must weaken: 

. 

“EJR up to one project”.

ui(W) ≤ ui(T) − max
x∈T

cx



Method of Equal Shares 16

Each voter is given initial budget . 

For , alternative  is -affordable if
.  

Let . While there exists -affordable 
alternative for some :  
- Let  be -affordable for minimum . 
- Set  for all . 
- Add  to . 

Theorem (Peters et al. 2021). MES satisfies 
EJR for cardinality utilities and EJR up to 
one project for cost utilities.

βi = B/n
ρ ∈ ℝ x ρ

∑i∈N min{βi, ρ ⋅ ui({x})} ≥ cx

W = ∅ ρ
ρ

x ∈ A ρ ρ
βi := βi − min{βi, ρ ⋅ ui({x})} i
x W

3x

2x

1x

1x

a b

e

c

a b dc

b d

ed

2x e

1x a

$36 $36 $25 $24 $24

$100B =

1 2 3 4 5 6 7 8 9 10

Project b
$10

ρ = 6

1 2 3 4 5 6 7 8 9 10

Project c
$10

ρ = 5

1 2 3 4 5 6 7 8 9 10

Project e
$10

ρ = 6

1 2 3 4 5 6 7 8 9 10

Project d
$10

ρ = 6

1 2 3 4 5 6 7 8 9 10

Project e
$10

ρ = 6$5

1 2 3 4 5 6 7 8 9 10

$10

$5

W = ∅W = {c}W = {c, e}

1 2 3 4 5 6 7 8 9 10

Project d
$10

ρ = 7
$5

1 2 3 4 5 6 7 8 9 10

Project a
$10

ρ = 6

1 2 3 4 5 6 7 8 9 10

$10

$5



Compute Method of Equal Shares! 17

$1100, cost utilitiesB =



Method of Equal Shares 18

Only proportional rule used in practice:

Major issue: Often doesn’t spend entire budget. 
Suggested approaches: 
- Run for higher budget. 
- Allocate remaining budget using other rule.
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