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Recap: Extended Justified Repr. (EJR)

Definition. For 1 <7 <k, agroup § C Nis called
£-cohesive if |[).csA;| > 7.

Definition.* A committee W satisfies extended
justitied representation (EJR) it there are no

£ -cohesive groups S of size > ¢ - n/k such that
u(W) < Ztoralli €8.

A social choice function satisfies EJR it it returns,
for any input profile, an EJR committee.

* Slightly rephrased, but equivalent to last lecture.
gntly rep o



a: PB Boston

You have selecled 3 , 4 projects.

BLA Gym Renovations
No more netless hoops and broken bleachers--the BLA gym will be revamped
to include newly painted hoops and floors, and repaired bleachers.

Estimated Cost: $475,000

Location: 205 Townsend Street, Roxbury

A Click image for slide show

Bowdoin St. Roadway Resurfacing
Bowdoin streel from Geneva to Adams will be repaved. This will fix things like
potholes, cracks, and faded roadway markings.

Estimated Cost: $100,000

Location: Bowdoin street from Geneva to Adams, Dorchester

@r Click image for slide show

BCYF Hyde Park Dance Studio Renovation

A renovated dance studio at the Hyde Park Community Center for chilg
all ages.

Estimated Cost: $286,000

Location: BCYF Hyde Park Community Center, Hyde Park

@ Click image for slide show

~

Ringer Park Renovation
Renovale the main path in Ringer Playground so it is no longer cracked and
safer to walk on.

Estimated Cost: $280,000

Location: Ringer Park, Brighton

+ Selected

Wicked Free Wifi 2.0
Wicked free Wi-Fi 2.0 provides Wi-fi at locations with young people.

Estimated Cost: $119,000

Location: Various High Schools and Community Centers, Dorchester, Roxbury,
East Boston, Charlestown
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Track at Walker Park
Build a track thal goes around the field that is behind Walker Playground.

Estimated Cost: 5240,000

Location: Walker Playground on Norfolk St. and Astoria St., Mattapan

\\ "Youth Lead the Change” PB in Boston, $ M budgetin 2015.
ST Source: https://pbstanford.org/boston15/approval



https://pbstanford.org/boston15/approval
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Coming to Ithaca?

PROCESS TIMELINE

Pmrm Dcoamnent

Common Council

adopts Justice50

Participatory
Budget Committee
begins convening

biweekly

Participatory
Budget Committee
delivers
recommendation
to the Mayor and
City Manager

Sep 1 2026

Common Council

votes on PB Tentative launch
structure? date of the PB
v S —,
PB presentation Common Council
and finalizes the 2027
recommendation budget

to Common

Council

* note that the sequence of Common Council approval

and program launch is subject to change and input

Source: https://www.youtube.com/watch?v=FQGYPr9CWpg



Participatory Buageting Voting Model

Voters N = {1,2,...,n}. Alternatives/projects M, | M| = m.

Fach voter i has an approval set A; € P*(M) of projects;

oreference profile A € P*(M)" is a collection of all voters'
approval sets.

Budget B > 0, and cost ¢, > 0 for each alternative x. Let #
denote the set of feasible outcomes

F={WCM|) c <B}.

xeW A+ —

Social choice function is a function f : *(M)" — F,
decides which projects to fund.



PB and Multi-Winner Elections

Budget B > 0, and cost ¢, > 0 for each alternative x. Let &#
denote the set of feasible outcomes

F={WCM|) _c <B}.

xeW X —
Observation: If we set all coststo 1 and B = k.

F = (Akl) U (;‘_41) U - U (1\04) Shows that participatory

budgeting setting generalizes multi-winner elections (except
that technically allowed to select < k alternatives).

Can you think of any social choice function for

the participatory budgeting?




Generalizing Multi-Winner Rules

Approval voting (AV):

fayA) = argmaxWEfJ]{ZieN |A.NW|.
Proportional Approval Voting (PAV):
fray@) = argmaxWEgzieN )4 A

In practice, people often do greedy AV, even
simpler: Go through projects from highest
approval score to lowest. It still fits in the budget,
fund it; else, skip to next.
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Paris 2019 Example (4e Arr.)

Greedy
Budget: €1,465,000 A\ AV

Project Name QPOP Cost€ Votes v/kE€  Greedy Optimal
= Un mur vegetalisé au croisement des rues Blancs Manteaux et Archiv 30000 788 26 Y v
@ Un café solidaire dans le quartier de la tour Saint-Jacques 15000 706 47 v v
& Une salle d'arts plastiques pour I'école Saint-Merri Renard 300 000 702 2 v v
@® Reénovation énergetique exemplaire d'une ecole du 4e 1000 000 655 1 v —
= Vegetalisation de la rue de |'Arsenal 120 000 649 5 Y v
& Un college Charlemagne accessible aux personnes a mobilité réduit 200 000 630 3 — v
%, Faire du hall d'accueil de la piscine Saint-Merri un lieu de convivia 20 000 528 26 - v
%, Des agres sportifs place des Vosges 15000 491 33 — v
I Mise en valeur des pierres de |a prison de la Bastille 20 000 473 24 — v
@ Un fauteuil roulant électrique pour rompre l'isolement 5000 453 o1 — v
%, Création d'un auvent sur une aire de jeux d'un square du 4e 150 000 410 3 — v
& L'Ascenseur, un tiers-lieu pour I'égalité des chances ouvert sur le 350000 315 1 — v
I Baliser le passage du chemin de Compostelle dans le 4e 30 000 265 9 - v
oo Des arceaux velos rue de la Reynie 10 000 240 24 — v
I Faciliter I'acces au cellier d'Ourscamp 120 000 228 2 — v

Total€ 1465000 1 385000



Is PAV Still Proportional?

-~ TWOtOWIl \ lE l
ettside Rightside
lfop. B%k pogp, 30k Ht:%'l'%"' _|_%

In Lo L3 R
? $30k ? $30k (f $30k ? $30k

Which projects does PAV choose in Twotown?




PAV Fails EJR

Budget $90k
Twotown
4 A
Leftside Rightside
pop. 60k pop. 30k
Iq Lo L R
? $30k ? $30k ? $30k (F $30k
\ /
Budget $90k
/ Onetown \
Leftside Rightside
pop. 60k pop. 30k
L4 Lo L3 R
? $20k ? $20k ? $20k ? $45k
\ %

Ok -4 0Of Which projects

2o
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PAV Fails EJR

Budget $90k A) ‘= aramax Yy H
e T'wotown ~ fPAV( ) J We& ZlEN u (W)

Leftside Rightside i i |
pop. 60k pop. 30k Hf_T_I_E_I_ -|-7

s Lo Lj R
? $30k ? $30k (f $30k ? $30k

Y
Budget $90k PAV does not see the costs, but
- Onetown ~ the costs change what is
o e | proportional.

L4 Lo L3 R
? $20k (F $20k ? $20k ? $45k




Let’'s Generalize EJR

Definition. An outcome W satisties extendea
justitied representation (EJR) if there is no group

S # @ and set T of projects such that

1 G ﬂieSAi
-|S|=2n- () _.c)/B
- "all 1 € § are happier with Wthan T”



How To Define "Happier”?

In multi-winner elections, only natural choice was
counting approved projects: u(W) = |A.N W|.

In PB, this is one option, cardinality utilities.

Other natural option: more expensive approvea
orojects make voter happier. Cost utilities:

u(W) = ), C

xeANW X
Will define EJR for either option.




EJR

Definition. An outcome W satisties extendea
justitied representation (EJR) if there is no group

S # @ and set T of projects such that

-1 Q ﬂiESAi Works tor cardinality
utilities. For cost utilities,
- . must weaken:
|S| Z i (ZXETCX)/B u(W) < u(T)— maxc
- foralli € §, u(W) < u (7). <¥ T

"EJR up to one project”.




Method of Equal Shares

$36 $36 $25 $24 $24

3x Each voter is given initial budget 8. = B/n.

2X

For p € R, alternative x is p-affordable if
wepiel Y min{f,p - u({x})} > c,

Let W = @. While there exists p-atfordable
alternative for some p:

1x
1x

2X

1x

- Letx € A be p-atfordable for minimum p.

$10 - Setf. .=, —min{f,p - u({x})} torall i.
- Addxto W.

Theorem (Peters et al. 2021). MES satisties
EJR for cardinality utilities and EJR up to
1 2 3 4 5 6 7 8 9 10 one project for cost utilities.




Compute Method of Equal Shares!

Project Costs £ £ £ 2 2 2 8 &L & & & votecount

&b bike path §700 X X X X X X

'\ outdoor gym $400 X X X X X X

@ new park $250 X

A\ new playground $200

¥ |ibrary forkids  $100

B = $1100, cost utilities

X

X



Method of Equal Shares

Only prcportlona\ rule used in prac:tlce
Winterthor #c eeeeeee Assen

TOlee?
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Major issue: Often doesn’t spend entire budget.
Suggested approaches:

- Run for higher budget.

- Allocate remaining budget using other rule.
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