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Recap: Case of Two Alternatives

Theorem [May 1952]. Suppose thatm = 2 and n

is odd. Then, f: &" — A is anonymous, neutral,
and monotone if and only it it is majority.

S1%: H>E Tempting to say:
49%: P >@ 'The people” prefer Elover E.



Implicit idea:
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Onward to m > 3|



Natural Idea: Build on Majority

collective

n < maijority n oreference




Condorcet Cycles




Condorcet Winners & Consistency

An alternative x is called a Condorcet

R -

winner if, for each other alternative y, at  Nicolas de
Condorcet

least half of the agents prefer x overy.  (1743-1794)

Q: Can there ever be more than one Condorcet

WilaYaY=Yals




Answer: Yes, for example when m = 2 and
the alternatives are tied. Ties are
necessary for this.



Condorcet Winners & Consistency

An alternative x is called a Condorcet

R -

winner if, for each other alternative y, at  Nicolas de
Condorcet

least half of the agents prefer x overy.  (1743-1794)

A social choice function is called Condorcet
consistent if it selects a Condorcet winner
whenever one exists for the given protfile.



Plurality & STV Aren’t Cond. Consistent )

In example from last time, d is the

uniqgue Condorcet winner.

afalblc

pEpEn Butais the winner for plurality
BAaBRaE andcfor STV*

*For one way of breaking ties, can also
find counterexamples without ties.



Question

Q: Is Borda Condorcet consistent? Explain why,
or find a counter-example!




Answer: No. Counter-example from class:




Copeland Voting Rule

An alternative gets 1 point for each head-to-head
election it wins (2 point if tied). Choose
alternative with highest score.
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Arrow'’s Impossibility Theorem

Pairwise majority doesn’t recreate

“rational” collective preterences. enneth Arraw

| | 1921-2017
Can some social welfare function ( )

save the idea of creating rational
collective preterences tfrom votes?



Arrow's Axioms

{ R
EIEEE

Unanimity: If all voters Independence of
rank x above y, so irrelevant alternatives

does the social (IlIA): The social

welfare function. ranking over x and y
depends only on each

voter’s ranking
restricted to x and y.




Sydney Morgenbesser
(1921-2004)

Anecdote after Poundstone: Gaming the Vote (2008).



Arrow's Axioms
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Unanimity: It all voters Independence of Nondictatorship:

rank x above y, so irrelevant alternatives There isn't any one

does the social (IIA): The social voter such that the

welfare function. ranking over x and y gocia\ weltare function
depends only on each just returns that
voter’s ranking voter’s ranking,

restricted to x and y. ignoring all others.



Arrow'’s Impossibility Theorem

Theorem [Arrow 1950]. Form > 3, no

. L" - £ satisfies unanimity, lIA, and
nondictatorship.

Or, rephrased: only dictatorships satisty
unanimity and llA.

Q: Form > 3, do any rules satisfy unanimity and

nondictorship? [IA and nondictatorship?




Extremal Lemma

Lemma. If, in given profile, every voter ranks x
first or last, a unanimous and llIA social weltare
function must rank x first or last.

[Prootf on blackboard, atter Geanakoplos (2005) reference on last slide.]
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Proof Overview

Now, prooft in 4 steps.

Step 1: Roughly, find protile where one voter can
make alternative b ranked first or last in output.

0

Fix an arbitrary protile 67 in which all voters rank

b last.



Prootf Step 1
l 2 3 4 N
GO: I I I I I
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Prootf Step 1
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Proof Step 1 &
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by unanimity




Proof Step 1 )

: f
6 : eo o q
by unanimity




Proof Step 1 &
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Proof Step 1 D
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Step 2

Step 1: Found profiles 6' ~! and 6 where agent i*

moving b from bottom to top causes b to move
from bottom to top in social ranking.

Step 2: 1™ is a dictator for all pairs of alternatives
X,y not involving b.
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Step 3

For alternative a, the reasoning from previous
steps gives that some agent i** is a dictator for all
pairs not involving a, e.g., for b, c.

We know that, in Gi*_l, O'i*, 1™ affected the output
ranking of b, c. Hence, 1* = 1%,

Repeat for c.

1t follows that i™ is a dictator. I:l



Arrow'’s Impossibility Theorem

Theorem [Arrow 1950]. Form > 3, no

. L" - £ satisfies unanimity, lIA, and
nondictatorship.

Impossibility persists it can return rankings with
ties, or tor social choice functions (see last slide).



Reactions to Arrow’s Theorem

"“The search of the great minds of recorded history for
the perfect democracy, it turns out, is the search for a
chimera, for a logical self-contradiction. ...

Now scholars all over the world-in mathematics,
politics, philosophy and economics are trying to
salvage what can be salvaged trom Arrow's
devastating discovery.”

' Paul Samuelson
(1915-2009)




Reactions to Arrow’s Theorem

"The big bang that characterized the beginning
[of modern social choice theory] took the form of

I 1]

an 'impossibility theorem’.

Amartya Sen
(*1933)




Arrow's Axioms

Unanimity: If all voters Independence of
rank x above y, so irrelevant alternatives

does the social (IlIA): The social

weltare function. ranking over x and y
depends only on each

voter's ranking
restricted to x and y.

Nondictatorship:
There isn't any one
voter such that the
social welfare tunction
just returns that
voter’s ranking,
ignoring all others.

Q: Which ot Arrow's axioms do you feel we

could best do without?
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