
Finding Common Ground in a Sea of Alternatives

JAY CHOOI, Harvard University, USA
PAUL GÖLZ, Cornell University, USA
ARIEL D. PROCACCIA, Harvard University, USA
BEN SCHIFFER, Harvard University, USA
SHIRLEY ZHANG, Harvard University, USA

We study the problem of selecting a statement that finds common ground across diverse population preferences.
Generative AI is uniquely suited for this task because it can access a practically infinite set of statements,
but AI systems like the Habermas machine [Tessler et al., 2024] leave the choice of generated statement to a
voting rule. What it means for this rule to find common ground, however, is not well-defined.

In this work, we propose a formal model for finding common ground in the infinite alternative setting
based on the proportional veto core from social choice. To provide guarantees relative to these infinitely many
alternatives and a large population, we wish to satisfy a notion of proportional veto core using only query
access to the unknown distribution of alternatives and voters.

We design an efficient sampling-based algorithm that returns an alternative in the (approximate) propor-
tional veto core with high probability and prove matching lower bounds, which show that no algorithm can
do the same using fewer queries. On a synthetic dataset of preferences over text, we confirm the effectiveness
of our sampling-based algorithm and compare other social choice methods as well as LLM-based methods in
terms of how reliably they produce statements in the proportional veto core.
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1 Introduction

In many countries, polarization has reached unhealthy levels [Silver, 2022], dividing politics into
�us� versus �them�. This division exacts a heavy toll: it reduces trust between people, entails political
gridlock and democratic erosion, and increases political violence [Lee, 2022, McCoy et al., 2018,
Orhan, 2022, Piazza, 2023]. To stem the tide of polarization, recent initiatives encourage people
to discuss politics across divides and �nd points of agreement. The nonpro�tBraver Angels1, for
example, brings groups of Democrats and Republicans face to face, andcitizens' assemblies[Dryzek
et al., 2019, OECD, 2020] convene a representative sample of constituents to design common policy
proposals. Major obstacles, however, stand in the way of scaling these e�orts to a society-wide level,
including the cost of trained facilitators and cognitive limits that prevent high-quality deliberation
in large groups [Fishkin, 2009]. The recent success oflarge language models (LLMs)in processing
natural language text shows promise in overcoming these obstacles [Dembrane, 2023, Konya et al.,
2023, Landemore, 2024, McKinney and Chwalisz, 2025, Small et al., 2023].

Perhaps the most prominent AI tool with this goal is theHabermas machine, presented by Tessler
et al. [2024] inScience. To help a group deliberate on a topic, the Habermas machine transforms
opinion statements from the group members into possible group statements, which are pieces of
text representing the common ground of opinions. Tessler et al. [2024] test the Habermas machine
in the context of a citizens' assembly and �nd that groups interacting with the Habermas machine
converge in their beliefs towards a common position, decreasing polarization.

Besides LLM components (for the generation of text and prediction of agreement), the Habermas
machine also crucially relies onvotingto select among generated proposals. Voting happens on two
levels: �rst, to generate alternative statements, 16 statements are sampled from a �ne-tuned LLM,
ranked by a proxy model for each group member, and only the winner according to the Schulze
voting rule [Schulze, 2011] is kept; second, four alternative statements generated in this fashion are
ranked by the actual group members, and the winning statement is again selected by Schulze.

For �nding common ground, Schulze may not be the right tool for selecting among statements
because this voting rule is inherently majoritarian: it readily overrides the preferences of a minority
to satisfy even a slight majority, as evidenced by axioms such as Condorcet consistency and the
mutual majority criterion. While Tessler et al. [2024] �nd that minority opinions have an in�uence
on the winning statement,2 this is an empirical �nding and only holds on average across their
experiments. To robustly �nd common ground, we should aim for guarantees on the in�uence of
minorities that hold for every possible group deliberation.

What, then, can social choice o�er as an axiom for �nding common ground and as a voting rule
to be embedded inside the Habermas machine? We argue that theproportional veto core (PVC)of
Moulin [1981, 1982] is the right notion since it gives explicit outcome guarantees to cohesive voter
coalitions of all sizes. Consider a coalition of, say, 30% of the participants and some alternative
statement2. If the coalition can �nd a set with100%� 30%= 70%of the alternatives that they
all rank above2, the PVC guarantees that2 will not be selected. In this way, minority groups are
guaranteed an in�uence on the outcome, and they can avoid the statements they disagree with the
most, which is important for a claim of common ground. To pursue this guarantee, the Habermas
machine could use a voting rule whose output always lies in the PVC (like Vote by Veto [Moulin,

1https://braverangels.org/
2Speci�cally, Tessler et al. [2024] embed the opinions by all group members using a text embedding model, and run a
regression to predict the embedding of the winning statement as a mixture of these opinion statements. Group members are
partitioned into a �majority� and �minority� group based on whether they answered �somewhat agree/agree/strongly agree�
or �somewhat disagree/disagree/strongly disagree� in an initial question on the topic. Tessler et al. [2024] �nd that minority
agents tend to have non-negligible weight in this regression.
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1981]), one could constrain any voting rule to alternatives in the PVC, or one could evaluate voting
rules (classical or LLM-based) in terms of how reliably their output lies in the PVC.

One more challenge of using social choice in settings like the Habermas machine is that the
space of alternatives is tremendously large and often in�nite. This leads to the natural question:
Are the 16 statements sampled i.i.d. from the �ne-tuned LLM enough to �nd common ground, and
are the four statements resulting from independent runs of sampling and simulated voting enough?
How can we capture what �enough� is? In this paper,

we de�ne proportional veto core guarantees with respect to a very large set of state-
ments and design practical algorithms that satisfy them.

Our pursuit of guarantees with respect to a large set of textual alternatives is closely aligned with
thegenerative social choiceframework by Fish et al. [2026]. Like them, we can only access this space
of alternatives indirectly through queries, which in our case means sampling from an unknown
distribution over alternatives.

1.1 Our Contributions

We start by giving a formal mathematical model of what it means for a statement to �nd common
ground when there are an in�nite number of alternatives. We propose using then-proportional veto
core (n-PVC), which extends the standard PVC to the setting with a distribution over alternatives.
We de�ne thecriticaln of an alternative as the smallestn for which that alternative is in then-PVC.
Therefore, a smaller criticaln indicates that a statement better represents common ground.

To model information elicitation when there are in�nite alternatives, we study a query-based
information model with two types of queries. First, we exploregenerativequeries, which return
alternatives sampled from an unknown distribution of interest over the alternative space, such as
the output of an LLM with respect to a given prompt. Second, we explorediscriminativequeries,
which return user preferences over alternatives. We focus on two types of discriminative queries:
min-queriesthat return a voter's least favorite alternative among a given set andpairwise queries
that return a voter's preference between two given alternatives.

Theoretical Results.Our theoretical work focuses on providing upper and lower bounds for how
many queries are necessary to �nd an element in then-PVC. We begin by showing that then-PVC
always has size at leastn. We then present a query-based algorithm that with high probability
�nds an element of then-PVC using ~$ ¹1•n2º generative queries and min-queries. We prove that no
algorithm can always �nd an element of then-PVC using fewer than
 ¹1•n2º generative queries
and min-queries, which shows that our algorithm is worst-case optimal for both types of queries.

Pairwise queries are perhaps the easiest information elicitation method from the voters' perspec-
tive. Therefore, we show that our algorithm can be adapted to use pairwise queries while giving the
same theoretical guarantees. The key modi�cation is showing that with$ ¹=< º pairwise queries,
we can �nd an element of the PVC for �nite sets of= voters and< alternatives. We provide an
e�cient method for doing this and further show that there is a matching lower bound for this step;
i.e., no algorithm can �nd an element of the PVC with fewer than
 ¹=< º pairwise queries for=
voters and< alternatives.

Experimental Results.We conclude by empirically evaluating the criticaln achieved by di�erent
methods for selecting alternatives on simulated preference data. We obtain diverse preference data
sets for a variety of topics by using ChatGPT to generate both alternatives and preference data for
di�erent personas. To model a query-based setting, the di�erent voting rules are only given access
to a small subset of voters and alternatives and must select an alternative from this subset.
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Our �rst empirical result con�rms that the sampling-based approach from the theory section
�nds alternatives in then-PVC for smalln. We then show that di�erent social choice methods
such as Schulze and plurality can select alternatives with large criticaln, indicating that these
methods may not necessarily choose a good common-ground statement. Finally, we conclude
our experiments by studying generative voting rules that use LLMs to generate common-ground
statements. We show that these generative voting rules do generate statements with small criticaln,
which indicates that the notion of PVC aligns well with how an LLM tries to �nd common ground.
We also show that when the LLM is not properly tuned to the population, the generative voting
rules give statements with signi�cantly higher criticaln compared to our algorithm.

1.2 Related Work

Many recent works have studied how to use AI for �nding consensus on a large scale [Bakker
et al., 2022, Gudiño et al., 2024, Kahng et al., 2019, Konya et al., 2023, Landemore, 2022, Tessler et al.,
2024]. The most similar of these methods is the Habermas machine [Tessler et al., 2024], which we
already discussed at length. At the end of Section 2, we further discuss the clone-proofness axiom
satis�ed by the Schulze rule, and why our approach to common ground does not require it.

Finding common-ground statements is an important goal of online deliberation platforms like
Polis[Small et al., 2021] andRemesh3, on which users submit statements and rate their agreement
with the statements written by others. Both platforms [Computational Democracy Project, 2025,
Konya et al., 2023] present user-submitted statements based on a �bridging-based ranking� [Ovadya
and Thorburn, 2023], which measures if a statement has high approval rates in all clusters of users.
Our approach is much more general because we give guarantees to all subsets of voters rather than
only some prespeci�ed groups.

The idea of �nding common-ground and bridging has also been popular in the context of
annotating social media posts [De et al., 2025, Wojcik et al., 2022]. For example, Wojcik et al. [2022]
study a bridging-based algorithm for �nding common-ground and selecting notes to append to
tweets. Furthermore, Slaughter et al. [2025] show that this approach to �nding common ground
successfully reduces engagement with and proliferation of misinformation on social media platforms.
While these methods for �nding common ground have had practical success, they lack formal
theoretical guarantees.

The PVC was �rst studied by Moulin [1981, 1982] in the traditional social choice setting of
perfect information about a �nite number of voters and alternatives. In the same setting, Ianovski
and Kondratev [2023] give a polynomial time algorithm for computing the PVC and a neutral and
anonymous algorithm for �nding an element from the PVC. Ideas from these algorithms inspire
some of our algorithmic procedures, as discussed in later sections. More recently, the PVC has been
studied in a variety of contexts including approval ballots [Halpern et al., 2025], federated learning
[Chaudhury et al., 2024], and policy aggregation [Alamdari et al., 2024]. The settings studied by
Chaudhury et al. [2024] and [Alamdari et al., 2024] both can have an in�nite number of alternatives,
which lead these works to notions similar to then-PVC.

Like us, the work ongenerative social choice[Boehmer et al., 2025, Fish et al., 2026] uses generative
models for social choice over an in�nite space of textual alternatives. Similar to our setting, they
study generative queries that generate alternatives and discriminative queries that access voter
preferences. A major di�erence, however, is that their goal is to �nd a set ofseveralrepresentative
statements, which enables them to give guarantees to minority groups without �nding common
ground within each statement. A second major di�erence is that their space of alternatives lacks
our structure of a probability distribution. As a result, their generative queries (�nding a statement

3https://www.remesh.ai/
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maximizing a function of voter preferences) are much more complex and much harder to implement
than our query of sampling from a �xed distribution.

Beyond the generative social choice model, there has also been signi�cant work on applying
social choice techniques to settings with many or in�nite alternatives and limited information in
the setting of AI alignment [Conitzer et al., 2024, Ge et al., 2024, Gölz et al., 2025, Procaccia et al.,
2025a] and AI evaluation [Procaccia et al., 2025b, Zhang and Hardt, 2024]. Due to the size of the
alternative space in these settings, these works also focus on choosing subsets of alternatives and
voters to give approximate or probabilistic generalization guarantees.

2 Model

LetM be a (possibly in�nite) set of alternatives and letN be a �nite (but potentially very large) set
of voters. Each voter82 N has a ranking over all alternatives inM . For alternatives0•12 M and
voter82 N , we use0 � 8 1 to mean that voter8prefers alternative0 to alternative1. Importantly,
we do not assume perfect information about the preferences of the voters.

Instead, we assume that we can access information about the alternatives and voters using two
types of queries:generative queries anddiscriminative queries . Generative queries allow us
to access the set of alternativesM . Speci�cally, letD be a �xed distribution overM . For a set of
alternatives" � M , de�ne ` D ¹" º as the measure of the set" for distribution D . A generative
query returns a random sample from the distributionD . Note that no information about the
distribution D or the rankings of the voters is known a priori.

Discriminative queries allow us to gather information about voter preferences. We study two
types of discriminative queries. The �rst type of discriminative query we study is amin-query,
which takes as input a voter8 2 N and a set of alternatives- � M and returns voter8's least
favorite alternative in- . The second type of discriminative query we study is apairwise query,
which takes as input a voter82 N and two alternatives0•12 M , and returns which alternative
in f0•1g is ranked higher by voter8. Our main goal is to use a combination of generative and
discriminative queries to e�ciently �nd an alternative inM that �nds common ground for the
entire populationN .

We argue that then-Proportional Veto Core (n-PVC) is a mathematically principled way of
�nding common ground. Informally, an alternative0 is blocked by a coalition of voters if all voters
in the coalition prefer a su�ciently large set of alternatives to0. Then-PVC is simply the set of
alternatives that is not blocked by any coalition of voters. By ruling out alternatives for which some
sizable minority ranks a large block of options higher, then-PVC excludes polarizing alternatives.

De�nition 2.1. An alternative0 2 M is n-blocked by a coalition) � N of voters if there exists
a blocking set of alternatives( � M such that

� Each voter82 ) prefers each alternative1 2 ( to 0 (i.e.1 � 8 0), and
� ` D ¹( º ¡ 1 � j) j

= ¸ n”

Then-Proportional Veto Core ( n-PVC) is the set of all alternatives that are notn-blocked by any
coalition of voters.

WhenN andM are �nite, the Proportional Veto Core (PVC) [Moulin, 1981] refers to the special
case whenn = 0 andD is the uniform distribution over all alternatives inM . See Appendix A for
more details.

A highern ¡ 0makes it harder for coalitions to block alternatives and therefore makes then-PVC
a less demanding notion. Hence, then-PVC naturally leads to a metric for how well an alternative
0 2 M does at �nding common ground for the votersN . Intuitively, the criticaln for an alternative
is the smallest fraction of voters that must be ignored in each coalition so that no coalition will veto
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that alternative. Therefore, a criticaln closer to0 implies that an alternative is better for �nding
common ground while a larger criticaln implies that an alternative is worse at it.

De�nition 2.2. For any alternative0 2 M , thecritical n for 0 is the smallestn � 0 such that0 is
in the n-PVC.

Role of the Statement Distribution.D plays a crucial role in our notion of common ground since
it determines how many alternatives a coalition) must agree on to block an alternative0. For
example, letD be de�ned by an LLM, which produces a neutral summary with 99% probability, but
sometimes insults a minority instead. Then-PVC allows the small minority to block the insulting
statements, whose small measure in the distribution re�ects its fringe nature. This marks a major
di�erence in perspective to Tessler et al. [2024], who use the Schulze voting rule due to its clone-
proofness. If the Habermas machine samples 99 neutral statements and one insulting statement
from the LLM and voters see the neutral statements as interchangeable, clone-proofness actually
ensures that a slight majority preference for the insulting statement makes it the winner. In addition,
clone-proofness is a brittle axiom that only applies to exact clones, so similar but not identically
ranked alternatives can still have a large e�ect on the outcome.4

As illustrated in the above example, having a distribution over alternatives enables us to guarantee
rights to coalitions by forming a yardstick for how much in�uence each of them deserves. This
does mean, of course, that the distribution must be carefully chosen to be broadly acceptable to
the voters. In many cases, the statement distribution generated by an LLM might be a su�ciently
neutral ground � say, from a base model, which seem to be more politically moderate than post-
trained models [Rozado, 2024], or a model speci�cally �ne-tuned for this purpose. Another option
could be to de�neD in terms of the distribution of voters as we do in our experiments: we draw
characteristics of a random voter and ask the LLM to answer from their perspective. We continue
our discussion on the choice of distributionD in Section 6.

3 Basic Properties

To begin our investigation of then-PVC, we start by bounding its size and developing a polynomial-
time algorithm that can compute the criticaln and then-PVC if D is the uniform distribution over
a given set of alternatives.

3.1 Size ofn-PVC

As a warm-up, we study the size of then-PVC, which will tell us how many generative queries
are necessary to even see an element of then-PVC. We begin by showing that, for anyn ¡ 0, the
n-PVC is not only non-empty but always has a size (with respect to the measure` D ) of at leastn.
Previous papers that have looked at variants of then-PVC [Alamdari et al., 2024, Chaudhury et al.,
2024] give similar proofs of existence, but do not explicitly study the size of then-PVC.

Proposition 3.1. For any instance of the problem and anyn, the size of then-PVC (with respect to
the measurèD ) is at leastn.

Proof sketch. The key idea of this proof relies on an algorithm we call vote byW-veto (Algorithm
3 in Appendix B.1), which is guaranteed to return a set of alternatives� with mass at leastn such
that all alternatives in� are also in then-PVC. In this algorithm, the voters are ordered randomly,
and then in this order each voter vetoes their least favorite1� n

= mass of alternatives that has not

4While the winner of Schulze on samples fromD is independent of the multiplicities of identical samples, we want to
caution that the precondition of clone-proofness, requiring alternatives to be treated the same byeveryvoter, makes it a
brittle axiom. For example, Pierczynski and Szufa [2024] give an election where Schulze does not satisfy clone-proofness for
alternatives that are almost clones. In this way, multiplicities can still have unpredictable e�ects under Schulze.
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yet been vetoed. Clearly, once all= voters have vetoed1� n
= mass, the remaining alternatives must

have mass at leastn. The proof that the remaining alternatives are in then-PVC follows similarly
to the proof for the Vote by Veto rule of Moulin [1982]. Intuitively, any alternative0 not in the
n-PVC must get removed before the algorithm ends, as the last voter to veto from the blocking set
for this alternative0 is guaranteed to veto0 if 0 has not yet been vetoed. For the full proof, see
Appendix B.1. ƒ

A direct corollary of Proposition 3.1 is that, among su�ciently many generative queries, there
will with high probability be an alternative in then-PVC:

Corollary 3.2. For anyn• X¡ 0, a set of< = log¹1•Xº
n generative queries will with probability1� X

contain an element of then-PVC.

Proof. Let " be the result of< = log¹1•Xº
n generative queries and let� n be then-PVC. Then

Pr¹" \ � n = ;º = ¹1 � ` D ¹� nºº< � ¹ 1 � nº< � 4� n< = X•

where the �rst inequality is by Proposition 3.1. Therefore, the probability that at least one element
of " is in � n is at least1 � X. ƒ

While $ ¹1•nº generative queries contain at least one element of then-PVC with high probability,
we show in Section 5 that a larger number, speci�cally
 ¹1•n2º, of generative queries is needed to
identify an element of then-PVC. Therefore, identifying an element of then-PVC with generative
queries is statistically harder than simply generating an element of then-PVC.

In contrast to the traditional PVC, the0-PVC can, in general, be empty:

Proposition 3.3. For an in�nite number of alternatives, the0-PVC can be empty.

Proof. Let M := N� 1, and let each alternative8� 1 have mass1
28 . Suppose that all voters prefer

alternatives with larger numbers. We prove, by contradiction, that no alternative8is in the0-PVC.
Indeed, any such8is blocked by the grand coalition) = N and the alternative set( = f8¸ 1g, since
all voters prefer8¸ 1 over8and sincè D ¹( º = 1

28̧ 1 ¡ 0 = 1 � j) j
= . ƒ

3.2 Computing Critical n

As mentioned in the previous section, the criticaln of an alternative measures how well a given
alternative does at �nding common ground. In this section, we give an algorithm for �nding the
critical n of a given alternative in polynomial time when the number of alternatives is �nite and
D is the uniform distribution overM . Our algorithm generalizes the algorithm of Ianovski and
Kondratev [2023] for deciding if an alternative is in the traditional PVC. By running this algorithm
for all alternatives, we can construct the entiren-PVC in polynomial time in the same setting.

ALGORITHM 1: Computing the criticaln

Input: Alternative0, jN j = =, jMj = <
1 Construct a �ow graph� as follows:
2 Connect a source node to= voter nodes, each edge with weight<
3 Connect< � 1 nodes (for all alternatives except0) to a sink node, each with edge weight=
4 Connect voter node8to alternative node9with in�nite weight if voter 8prefers0 to alternative9
5 Let  be the size of the min-cut for graph�
6 return 2=< � =�  

=< � 1
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Theorem 3.4.WhenM is �nite, Algorithm 1 computes the criticaln of a given alternative in
polynomial time.

Proof Sketch. Our proof generalizes the ideas of Ianovski and Kondratev [2023] for computing
the PVC. Their algorithm checks whether an alternative0 is in the PVC by constructing a graph
� 0 such that there exists a complete biclique in� 0 if and only if 0 is not in the PVC. We show that
for the same graph� 0, the size of the maximum biclique is larger than¹1¸ nº=< if and only if that
alternative is not in then-PVC. In order to e�ciently compute the size of the maximum biclique,
we follow the same method as Ianovski and Kondratev [2023] of constructing the �ow graph in
Algorithm 1 such that the weight of the max �ow in this graph plus the size of the maximum
biclique in� 0 equals2=< � =. In the last line of Algorithm 1, we use this fact to �nd the smallestn
for which the maximum biclique of� 0 is larger than¹1 ¸ nº=< . The runtime of the algorithm is
polynomial because the min-cut can be found in polynomial time (Appendix C.2.2). For the detailed
proof, see Appendix C. ƒ

4 Algorithmic Results

In this section, we present our main algorithmic results for e�ciently �nding an element of then-
PVC. We give a simple algorithm using generative queries and min-queries that �nds an alternative
in the n-PVC, with high probability, using~$ ¹1•n2º queries of each type. A key takeaway from this
result is that the number of generative and discriminative queries doesnot depend on the size
of N (the number of voters) or the distribution over alternatives. This is important because the
population may be large and the generative distribution altogether unknown to the algorithm.
Then, we discuss how the same algorithm can be modi�ed to use pairwise discriminative queries
instead of min-queries.

4.1 Min-�eries

We now present and analyze Algorithm 2, which �nds an element of then-PVC using generative
queries and min-queries.

ALGORITHM 2: Finding an element of then-PVC

1 Input: N •M • X• n
2 Output: An alternative that is with probability1 � Xan element of then-PVC

3 Setg = 8
n2 log

�
32

n2X log
�

32
n2X

� �
.

4 Let " be a set of alternatives that is the result ofg generative queries.
5 Initialize - = " .
6 while j- j ¡ 1 do
7 Select a random voter82 N .
8 Do one min-query to �nd voter8's least favorite alternative among- .
9 Remove that alternative from- .

10 end
11 return the remaining element in-

Theorem 4.1.Using$
�
n� 2 log

� 1
nX

� �
generative and min-queries, Algorithm 2 returns an element

of then-PVC with probability at least1 � X.
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Proof. By construction, Algorithm 2 usesg generative queries andg � 1 min-queries, which
gives the desired bound on the number of queries, observing that, for small enoughn• X,

g = 8
n2 log

�
32

n2X log
�

32
n2X

� �
� 8

n2 log
�

322

n4X2

�
� 8

n2 log
�

324

n4X4

�
= 32

n2 log 32
n X = $

�
n� 2 log

� 1
n X

� �
”

Let # be the set of voters that are selected in Lines 6�9 of Algorithm 2. Note that a voter82 N
could be chosen in two di�erent iterations of the while loop, in which case we view these as distinct
copies of the voter in the set# . This means we must have thatj# j = g � 1.

We �rst show that any alternative in the PVC for voters# and alternatives" will, with probability
1 � X, be in then-PVC forN •D . We defer the proof of this result to Lemma 4.2 below. With this
result, all we need to show is that the alternative we return is in the PVC for# and" .

In Lines 6�9, we are functionally applying the Vote by Veto rule from [Moulin, 1982] to �nd an
element of the PVC for# and" using one min-query for each voter in# . Let0 be the alternative
returned by Algorithm 2, and assume for contradiction that0 is not in the PVC for# and" , i.e.,
not in the 0-PVC for the uniform distribution over" . Hence, there exists a coalition of voters)
and a set of alternatives( such that1 � 8 0 for each82 ) and1 2 ( and such that

j( j
g

=
j( j
j" j

¡ 1 �
j) j
j# j

(1)

Each voter8 2 # removed one alternative18 2 " from the set- . Since0 was available in-
at the time and the voter chose to remove18, it must hold that0 � 8 18. This means that the set
, := f18 j 82 ) gof alternatives removed by the voters in) is disjoint from( . Moreover,0 is clearly
not part of either set (because it was not removed and cannot be strictly preferred over itself). This
means that( � " n, n f0gand hencej( j � g � j ) j � 1. It follows that

j( j
g

�
g � j ) j � 1

g
= 1 �

j) j ¸ 1
j# j ¸ 1

� 1 �
j) j
j# j

•

where the last inequality follows sincej) j � j # j. This contradicts Eq. (1), showing that0 is indeed
in the PVC for# and" . Together with the lemma, we conclude that the returned statement is in
then-PVC with probability at least1 � X. ƒ

The key to concluding the proof of the theorem is Lemma 4.2, a quite technical result that connects
the n-PVC of the full instance with the PVC for the sampled voters and alternatives. At a high
level, the proof must argue that the randomly selected set of voters and alternatives are su�ciently
representative of the population and alternative distribution. But it is not immediately obvious how
to do so, given the exponential number of coalitions, and in�nite collection of alternative sets that
could show that an alternative isn-blocked.

Instead, we apply concentration inequalities in a more subtle manner so that the number of
generative queries needed depends only onn and is independent ofjN j (see Line 3 of Algorithm 2).
Speci�cally, we show that we do not need enough samples to su�ciently approximate every subset
of voters and alternatives, but rather only need enough samples to su�ciently approximate the
voters and alternatives for the blocking coalitions of the generated alternatives.

Lemma 4.2.Let# be the set of (not necessarily distinct voters) selected in Lines 6�9 of Algorithm 2.
For anyX• n¡ 0, every element of the PVC for# and" from Algorithm 2 will be in then-PVC forN
andD .

Proof. The key observation is that every alternativeG2 M not in then-PVC forM •N •D must
have some blocking coalition of voters) G � N and alternatives( G � M satisfying De�nition 2.1.
Denote the8th alternative sampled on Line 4 asG8. If G8 is not in then-PVC forM •N •D , then we
will show that with high probability, the corresponding blocking sets) G8 and( G8 are su�ciently
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accurately proportionally represented in the sampled sets" and# up to a factor ofn. If this is the
case, then De�nition 2.1 implies thatG8 will also not be in the PVC for" and# . For eachG8, de�ne
the event� 8 as the event that the above holds ifG8 is not in then-PVC. If we show that� 8 holds with
high probability for every alternativeG8 2 " , then we can conclude that every alternative in0 2 "
falls in one of two cases: Either0 is in then-PVC forM •N •D or 0 is not in the PVC for# and" .
This implies the desired result that any element of the PVC for# and" is in then-PVC forN •D .

We now proceed with the formal proof:

Let- be a set of alternatives sampled as generative queries fromD with sizej- j =
8 log

�
32

n2X
log

�
32

n2X

� �

n2

and let. � N be a random subset ofN with size j. j =
8 log

�
32

n2X
log

�
32

n2X

� �

n2 . We will show that with
probability 1� X, any alternative that is not in then-PVC for the full set of alternatives will not be in
the PVC for alternatives- and voters. . This implies that any element of the PVC for alternatives
- and voters. will with probability 1 � X be in then-PVC forN , D . De�ne PVC¹-• . º as the
PVC for alternatives- and voters. . De�ne PVCn¹N •Dº as then-PVC forN •D . For any element
G2 M such thatG8 PVCn¹N •Dº , there exists some) G � N and( G � M such that for all82 ) G

and0 2 ( G, 0 � 8 Gand` D ¹( Gº ¸ j) G j
jN j ¡ 1 ¸ n.

Let - = fG1• ”””• Gj- jg be the ordered set of generative queries. Now we de�ne the event� 8 :=n
G8 2 PVCn¹N •Dº

oÐ n
G8 8 PVCn¹N •Dº and

j- \ ( G8 j
j- j � ` D ¹( G8º � n•4 and

j. \ ) G8 j
j. j �

j) G8 j
jN j � n•4

o

First, note that if
Ñ j- j

8=1 � 8 holds, then every element of- is either in PVCn¹N •Dº or is not in
PVC¹-• . º. This implies that every element not inPVCn¹N •Dº is not in PVC¹-• . º.

All that remains is to show thatPr
�Ñ j- j

8=1 � 8

�
� 1 � X”First, we will start with lower bounding

Pr¹� 8º (which by symmetry is the same for all8). We have:

Pr¹� 8º = Pr ¹G8 2 PVCn¹N •Dº º ¸

Pr
�
j- \ ( G8 j

j- j
� ` D ¹( G8º �

n
4

and
j. \ ) G8 j

j. j
�

j) G8 j
jN j

�
n
4

�
�
�
�G8 8 PVCn¹N •Dº

�
Pr¹G8 8 PVCn¹N •Dºº ”

Focusing on the middle probability and using Hoe�ding's inequality, we have that

Pr
�
j- \ ( G8 j

j- j
� ` D ¹( G8º �

n
4

and
j. \ ) G8 j

j. j
�

j) G8 j
jN j

�
n
4

�
�
�
�G8 8 PVCn¹N •Dº

�

� 1 � Pr
�

j- \ ( G8 j
j- j Ÿ ` D ¹( G8º � n

4

�
�
�G8 8 PVCn¹N •Dº

�
� Pr

�
j. \ ) G8 j

j. j Ÿ
j) G8 j
jN j � n

4

�
�
�G8 8 PVCn¹N •Dº

�

� 1 � 4� 2j- jn2•16 � 4� 2j. jn2•16 [Hoe�ding's Ineq.]

= 1 � 24� 2j- jn2•16 [ j- j = j. j]

= 1 � 24� 2
8 log

�
32

n2X
log

�
32

n2X

��

n2 n2•16

= 1 �
X

16 log
�

32
n2X

�

n2

� 1 �
X

8 log
�

32
n2X

log
�

32
n2X

� �

n2

= 1 �
X

j- j
”
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Returning to boundingPr¹� 8º, we have that

Pr¹� 8º � Pr ¹G8 2 PVCn¹N •Dº º ¸
�
1 �

X
j- j

�
Pr¹G8 8 PVCn¹N •Dºº � 1 �

X
j- j

”

Finally, we can conclude thatPr
�Ñ j- j

8=1 � 8

�
� 1 �

Í j- j
8=1 Pr ¹: � 8º � 1 � Xas desired. ƒ

4.2 Pairwise Discriminative �eries

While Algorithm 2 uses min-queries, it would be much more practically useful to have an algorithm
based on pairwise discriminative queries, which are easier for voters to respond to. Fortunately, we
can achieve this with one simple change to Algorithm 2.

Speci�cally, we can simulate each min-query in Line 8 with a simple iterative algorithm to �nd
the least-preferred alternative for a given voter in a linear number of pairwise comparisons: First,
choose an arbitrary ordering of the candidates in- and do a single pairwise query asking voter8to
compare the �rst two alternatives in the ordering. Then, ask voter8to compare the least-preferred
alternative from that �rst comparison to the next alternative in the ordering. Repeat this process,
always keeping the least-preferred alternative from each comparison. After iterating through all
alternatives in- , this is guaranteed to only usej- j � 1 pairwise queries to �nd voter8's least
favorite alternative among- .

5 Lower Bounds

In this section, we show that Algorithm 2 is tight in terms of both generative and discriminative
queries. To prove this for each of generative and min-queries, we give a speci�c hard instance of
the problem that requires~
 ¹1•n2º of that type of query in order to �nd an element of then-PVC.
We then show that the number of pairwise queries in the modi�cation of Section 4.2 is also tight.

5.1 Generative and Min-�eries

In Theorem 5.1, we give a lower bound on the number of generative queries needed in order to
identify an element of then-PVC. Importantly, this result combined with Corollary 3.2 implies a
fundamental gap between the number of queries needed to generate versus identify an element
of then-PVC. Speci�cally, Corollary 3.2 says that~$ ¹1•nº generative queries su�ce togeneratean
element of then-PVC with high probability, while Lemma 5.1 says that we need at least~
 ¹1•n2º
generative queries toidentify an element ofn-PVC. This highlights a surprising subtlety about
generative queries, which is that it can be easier to stumble across a statement in then-PVC than
to certify which statement is in then-PVC.

Theorem 5.1.For anyX• n¡ 0, no algorithm can use fewer than
 ¹log¹1•Xº•n2º generative queries
and for every distributionD identify an element of then-PVC with probability greater than1 � X.

Proof. Consider the following two discrete distributions with supportf01• 02g. Distribution
D 1 puts0”5 ¸ n probability mass on01 and0”5 � n probability mass on02. Distribution D 2 puts
0”5 � n probability mass on01 and0”5 ¸ n probability mass on02. Suppose that half of the voters in
N have preferences01 � 02 and the other half of the voters have preference02 � 01. With this
voter population, then-PVC under distributionD 1 is f01gwhile then-PVC under distributionD 2
is f02g. Therefore, in order to �nd then-PVC, we must have su�cient information to distinguish
between distributionsD 1 and D 2. Next, note that the KL distance between these distributions
satis�es ! ¹D 1j jD2º � $ ¹n2º. Therefore, a standard information theory result (stated and proven
in Lemma 5.3 for completeness) gives that with fewer than
 ¹log¹1•Xº•n2º generative queries, it
is impossible to distinguish between these two distributions with probability greater than1 � X,
which implies the desired result. ƒ
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A similar construction shows that in the worst case, we also need at least~$ ¹1•n2º min-queries
to distinguish between two populations that are both close to ambivalent between two alternatives.
The main di�erence between this construction and the one in Theorem 5.1 is that it is di�cult to
distinguish between two similar populations rather than two similar distributions.

Theorem 5.2.For anyX• n¡ 0, no algorithm can use fewer than
 ¹log¹1•Xº•n2º discriminative
queries and for every distributionD identify an element of then-PVC with probability greater than
1 � X.

Proof. Consider the uniform distributionD with support f01• 02g. Consider the following two
sets of voters. InN1, a ¹1•2 ¸ nº fraction of voters have preference01 � 02 and a¹1•2 � nº fraction
of voters have preference02 � 01. In N2, a ¹1•2 ¸ nº fraction of voters have preference02 � 01 and
a ¹1•2 � nº fraction of voters have preference01 � 02. Then-PVC for votersN1 is just f01gwhile
the n-PVC for the votersN2 is f02g. Distinguishing between these two voter populations with
discriminative queries is equivalent to distinguishing between a�4A=>D;;8¹1•2 ¸ nº distribution
and a�4A=>D;;8¹1•2 � nº distribution. We can again appeal to Lemma 5.3 to get the desired result
that no algorithm can use fewer than
 ¹log¹1•Xº•n2º queries to identify an element of then-PVC
with probability higher than1 � Xfor both of these settings. ƒ

The proofs of Theorem 5.1 and Theorem 5.2 both rely on the following standard result from
information theory, which we state here formally and reprove for completeness.

Lemma 5.3.If two distributionsD 1 andD 2 have Kullback-Leibler distance satisfying ! ¹D 1j jD2º �
2n2 for some constant2, then no algorithm can achieve minimax misclassi�cation error of less thanX
for these two distributions using fewer than$ ¹log¹1•Xº•n2º samples.

Proof. Let D =
1 andD =

2 be the product distributions for= samples fromD 1 andD 2 respectively.
Then by de�nition,  ! ¹D =

1•D =
2 º = =2n2. By the Bretagnolle-Huber Inequality, this implies that

the )+ ¹D =
1•D =

2 º � 1 � 1
24� =2n2

. By Le Cam's method, the minimax misclassi�cation error for
any classi�er distinguishing betweenD =

1•D =
2 must be lower bounded by12

�
1 � )+ ¹D =

1•D =
2 º

�
�

1
44� =2n2

. Plugging in= = log¹1•¹ 4Xºº•¹2n2º gives a misclassi�cation error of at leastX, which is the
desired result. ƒ

5.2 Pairwise Discriminative �eries

Theorems 5.1 and 5.2 together imply that Algorithm 2 is tight in terms of the number of generative
queries and min-queries needed. As discussed in Section 4, Algorithm 2 works by �nding an element
of the PVC for a set of voters# and alternatives" . We also showed that this algorithm can be
modi�ed to use$ ¹=< º pairwise queries, where= = j# j and< = j" j. In Theorem 5.4, we show that
�nding the PVC from a set of alternatives# and alternatives" (with sizes= and< respectively)
cannot be done in fewer than
 ¹=< º pairwise discriminative queries, which implies that there
is no better subroutine than this modi�cation in the worst case. Theorem 5.4 and its proof may
be of independent interest to those studying the elicitation of voter preferences using pairwise
comparisons. The proof below establishes a lower bound of=< •32; we present a longer proof of
the same result that achieves a tighter lower bound of=< •2 in Appendix B.2.

Theorem 5.4.When the sets of alternatives" and voters# are �nite, no algorithm can always
�nd an element in the PVC using fewer than
 ¹<= º pairwise discriminative queries.

Proof. Let< = := ¸ 1 for any : � 1. By de�nition, any alternative0 in the PVC must not be
ranked in the last: alternatives by any voter. We will show that any algorithm�!� needs at least
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=< •32queries to �nd any alternative not ranked in the last: by any voter, which implies we need
at least=< •32queries to �nd any alternative in the PVC.

Consider the following adversary. The adversary answers pairwise queries by�!� arbitrarily
(and consistently with previous queries), and for every alternative0 keeps track of a counter20
which counts the number of pairwise queries involving alternative0 up to this point. The adversary
also keeps track of a set- of �active� voters which is initialized to beN . As soon as the counter
20 for an alternative0 hits =•4, the adversary arbitrarily chooses one of the remaining �active�
voters8for which 0 can be in the bottom: , and assigns0 to be one of voter8's : worst ranked
alternatives. The adversary then truthfully tells�!� that 0 is ranked in one of the last: spots for
voter8. Similarly, if the queries answered so far force an alternative0 to be ranked in the last: of a
voter8, then0 is also assigned to voter8. If voter8has: distinct alternatives assigned to voter8's
last: spots, then voter8is no longer active and is removed from the set of active voters.

Now suppose that�!� has asked fewer than=< •32discriminative queries. Partition the full set
of alternatives" into " 1 and" 2, such that" 1 contains all alternatives that have been involved in
at least=•4 discriminative queries up until this point, and" 2 contains all alternatives that have
been involved in strictly less than=•4 discriminative queries. Note that for any alternative in
" 1, the adversary has already placed that alternative in the last: spots of at least one voter, and
therefore no alternative in" 1 is in the PVC.

To conclude the proof, we must show that�!� cannot determine whether or not any alternative
in " 2 is in the PVC. Because�!� has asked fewer than=< •32queries so far and each query
involves exactly two alternatives, the number of alternatives involved in at least=•4 discriminative
queries is at most< •4. This implies thatj" 1j � < •4. An alternative0 is only assigned to a voter if
either it is in " 1 or if the queries for a speci�c voter8force0 to be in8's bottom: spots. For the
latter case, there must have been at least< � 1

: = = queries per such assigned0. Therefore, there

are at least=: � < •4 � =< •32
= � 23:= � 9

32 remaining spots left in the bottom: positions of the active
voters, which implies there are at least23=•32� 1 active voters remaining. For any alternative
0 2 " 2, we know that strictly less than=•4voters have been queried about0. Therefore, since there
are at least23=•32� 1 active voters remaining, there must be at least23=•32� 1 � =•4 ¡ 0 active
voters (for su�ciently large =) who have not yet been queried about alternative0. Importantly, this
means that0 may be in one of the last: spots of these voters' rankings, which further implies that
�!� is unable to determine whether0 is in the PVC. This is true for every alternative0 2 " 2, so
we can conclude that�!� cannot �nd any element of the PVC with fewer than=< •32queries. ƒ

6 Interpretation of D

In this section, we further discuss the signi�cance of the distributionD . One way to think aboutD is
to view it as a weighting scheme that puts more weight on more �important� alternatives. Traditional
voting theory does not explicitly assume such a weighting scheme, but does commonly assume
neutrality. A voting rule satis�es neutrality if it is indi�erent to the identity of the alternatives,
in other words the outcome does not change if the alternatives are permuted. Therefore, any
voting rule that satis�es neutrality must implicitly weight the alternatives equally, i.e. use a uniform
weighting. Similarly, when there is a compact space of in�nite alternatives, any voting rule satisfying
neutrality must implicitly use a distributionD that is the uniform distribution over all alternatives.

All of our theoretical results (both positive and negative) apply whenD is the uniform distribution.
However, when there are in�nite alternatives, the uniform distribution may not always be the
correct choice. As an example, consider the alternative spaceM = »0•1¼with 100voters.99of these
voters only like alternative0 and one voter only likes alternative1. In this example, despite in�nite
alternatives existing in the interval»0•1¼, the only two alternatives that should be relevant aref 0•1g,
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which have measure0 under the uniform distribution. Unfortunately, the natural generalization
of many voting rules (e.g., Borda count) ignore sets of size0, and therefore may even select an
alternative not fromf 0•1g. Similarly, when computing then-PVC, both of the alternatives inf 0•1g
with measure0 could be vetoed depending on tie-breaking. This is clearly an undesirable outcome,
and can be easily avoided by choosing a more appropriate distributionD .

Motivated by the example above, one way to choose the distributionD is to put more weight on
alternatives that are more �important�. This means that the distributionD is implicitly capturing
the cardinal preferences of the voters by putting higher weight on alternatives for which voters
have higher utilities. A common choice for such a distribution is the Bradley-Terry-Luce (BTL)
model, where the probability of selecting an alternative is proportional to a score for that alternative.
Suppose each player8has a utility functionD8 : M ! » 0•1¼such that

¯
M D8¹< º3< = 1. Then we

could letD be the mixture of BTL models over all voters, i.e.` D ¹< º = 1
jN j

Í
82N D8¹< º. This is

equivalent to a BTL model with scores equal to the sum of voter utilities.
Happily, choosingD to be this BTL model also gives us an intuitive interpretation for then-PVC.

If D is this BTL model, then the size of a coalition necessary to veto an alternative is proportional
to the utilitarian social welfare (total population utility) for that alternative. This means that a
larger coalition of voters is needed to veto an alternative that has higher utility among the voters.
We formalize this idea below in the extreme case .

Theorem 6.1.If D satis�es` D ¹< º = 1
jN j

Í
82N D8¹< º then the following holds for any subset

( 2 M . If at least anG¸ n fraction of voters rank every alternative in( above every alternative not in
( and the total utility of( is greater than1 � Gfraction of the total utility of all alternatives, then the
n-PVC must be a subset of( .

Proof. Let) be the coalition of voters that prefers( to every alternative not in( and satis�es
j) j
= � Ģ n. We will show that the coalition) with alternatives( can veto every alternative0 2 Mn ( .

This follows directly from the fact that̀ D ¹( º = 1
jN j

Í
82N D8¹< º ¡ 1� G� 1� ¹ Ģ nº ¸ n � 1� j) j

= ¸ n
which satis�es De�nition 2.1. ƒ

In the discrete setting, we have the following corollary:

Corollary 6.2. If D satis�es` D ¹< º = 1
jN j

Í
82N D8¹< º then the following holds. If at least an

G¸ n fraction of the population ranks alternative0 2 M �rst and the utilitarian social welfare of0 is
greater thanGfraction of the total utility of all alternatives, then0 is the only alternative in then-PVC.

For intuition, supposeG= 1•2 andD is the BTL distribution (as above). In this case, Corollary
6.2 says that if there is any alternative0 such that a majority of voters rank0 �rst and 0 has more
than half of the total population utility, then0 is the only alternative in then-PVC. Similarly, if at
least a1•2 ¸ n fraction of voters have utility1 for 0 and utility 0 for every other alternative, then0
is the only alternative in then-PVC. Examples such as these demonstrate how then-PVC combines
both ordinal and cardinal preferences whenD is the utility-based BTL model.

7 Experimental Results

We now analyze then-PVC of synthetically generated preference data, modeling the preferences
of individuals over opinion statements on various policy issues. Our �rst experimental goal is to
verify that our algorithm performs well in practical settings. This complements our asymptotic
analysis in Section 4, demonstrating that our algorithm also performs well at small sample sizes.
Our second goal is to measure how often popular voting rules choose alternatives that are in the
n-PVC. Our third goal is to understand how well LLMs can generate statements in then-PVC given
di�erent generative capabilities and types of information.
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