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Abstract

We study approval-based apportionment, a variant of committee elections in which candidates (“parties’) can be
selected several times. We show that the proportionality axioms EJR, EJR+, and FIR coincide, and so do PJR, PJR+, and
FPIR; that Lindahl priceability, an axiom implying core stability, is equivalent to a notion of approximate optimality with
respect to the proportional approval voting (PAV) score; and that locally PAV-optimal committees are priceable.

Approval-based apportionment (where a candidate receives an integer number of seats) lies between committee elections
(zero or one seat) and portioning (a fractional number of seats). We formally connect portioning and apportionment by
giving a construction that lifts axioms from apportionment to portioning and preserves implications between them. Several
of our new implications between apportionment axioms are natural from a portioning perspective, leading us to believe
that apportionment sits closer to portioning than to committee elections. None of them holds in committee elections, but
several extend approximately, which makes apportionment a fruitful setting for conjecturing approximate relationships in
approval-based committee elections.

1 Introduction

The work by Aziz et al. [ABC+17] on proportionality in approval-based committee elections has proved deeply influential
on the subsequent decade of social choice research. In these committee elections, each voter 1 < ¢ < n approves of
a subset A; of the candidates C'; the task is to choose a committee of k candidates; and the challenge is to capture
and attain the ideal of proportionality in this setting. The work following up on Aziz et al. [ABC+17] has led to an
explosion of proportionality axioms. To name just a few, their axioms of justified representation (JR) and extended
Jjustified representation (EJR) have since been joined by variants abbreviated PJR [SEL+17], FJR [PPS21], PJR+ and
EJR+ [BP23], FPJR [KLK25], BJR [FGP+26], and Droop-quota versions of most of these [CE26]; alongside notions of
core stability [ABC+17], priceability [PS20], and others.

Faced with such an embarrassment of axiomatic riches, it becomes more urgent to learn about the relationship between
axioms. By this, we mean going beyond just their implication hierarchy, which is well understood. For example, FIR implies
EJR, which in turn implies PJR. Should we think of EJR as conceptually closer to FIR or to PJR? To take another example,
a committee W maximizing the so-called PAV score (to be formally defined later) attains strong proportionality axioms like
EJR+ [BP23]. Is the PAV score fundamentally related to proportionality axioms in this setting, or just one of many ways to
attain them?

Our approach to get at such (a priori, ill-defined) structure resembles the use of model organisms in biology, where
observations in a simpler organism (say, a mouse) yield conjectured patterns that can then be tested in a more complicated
organism (say, a human). In the same way, we study a related social choice setting with slightly simpler mathematical
structure, in which more theorems (say, implications between axioms) hold true. We then go through theorems that hold in
the simpler setting but not in full committee elections, and ask if they extend in some approximate form.

Our “model organism” for committee elections is approval-based apportionment [BGP+24]. The only difference is that
the same candidate may be placed several times in the committee; whereas committee elections allocate zero or one seat to
each candidate (and allocate k seats in total), apportionment can give any natural number of seats to each candidate (under
the same constraint). Alternatively to this presentation as a relaxation of committee elections, apportionment can also be
seen as a subdomain consisting only of committee elections in which sufficiently many copies of each candidate are available.
Through this embedding, Brill et al. [BGP+24] formalize how to lift axioms and voting rules from committee elections to
apportionment. Properties that hold for all committee-election instances must hold for all apportionment instances, so the
latter setting lets us prove more theorems. In this sense, apportionment is a “simpler organism”, which we study as a proxy
for committee elections.

Whereas this introduction focuses on the benefits of studying apportionment for understanding committee elections,
the apportionment setting is well motivated in its own right. If the candidates are political parties, apportionment maps
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Figure 1: Implication relations between properties in approval-based apportionment, committee elections, and portioning.

voters’ approval preferences over them to an allocation of seats in a legislature to the parties [BGP+24], which generalizes
classic apportionment [BYO1] in which each voter can only support a single party. Another application is representing
opinions with a small number of Al-generated textual statements, where Fish et al. [FGP+26] argue that “representing
multiple segments of the population by identical statements might sometimes be appropriate.””

1.1 Our Results and Techniques

We begin by showing three new results for the apportionment setting in Section 2. These new implications are represented
as red arrows in Fig. 1a, in addition to implications inherited from the committee elections setting (black arrows):

* The proportionality axioms EJR, EJR+, and FJR coincide, and so do PJR, PJR+, and FPJR. Answering the question
from our introduction, this is a formal way in which EJR is closer to FJR than to PJR.

* The axiom Lindahl priceability [MSW22] is equivalent to what we call bounded PAV improvement, which says
that the PAV score of a committee TV cannot increase by n/k or more when adding one more candidate. Bounded
PAV improvement is the key property in proofs that the PAV voting rule (and its local-search variants) satisfy EJR
and EJR+ [ABC+17; BP23]. This result shows an intrinsic link between the PAV objective and strong notions of
proportionality.

* Any committee maximizing (or locally maximizing) the PAV score is priceable. This is surprising because Pareto-optimal,
“welfarist” rules like PAV cannot guarantee priceability in committee elections [PS20].

This yields three implications that “almost” hold in general committee elections, and only fail to go through because
desirable candidates cannot be chosen several times.

To better understand the similarity of implication relationships in apportionment to those in other settings, we consider
one more setting in Section 3, approval-based portioning [BMS05]. In this setting, the number of “seats” allocated to
each candidate can be fractional rather than integer. (Their sum is normalized to 1 rather than k.) Whereas Brill et al.
[BGP+24] discuss approval-based apportionment as lying between committee elections and classic (single-party choice)
apportionment, we believe that portioning is the more natural second endpoint.

Formalizing a relationship used by Peters [Pet25] to show that PAV converges to the maximum Nash welfare portioning,
we define a way to lift predicates over committees (axioms or voting rules) from apportionment to portioning, broadly
speaking by considering the limit as the committee size k goes to infinity. We show that axioms and voting rules from
committee elections map to natural analogs in portioning.> Any theorem in apportionment stating that there always exists a
committee with a property X or that a committee property X implies a property Y extends to the lifted versions of these
properties in portioning, so portioning is, in turn, a “simpler” setting than apportionment. In our impression, the network of
axiom implications of apportionment seems closer to that of portioning than to that of committee elections. This suggests
that the committee’s indivisibility matters less than whether candidates may be selected several times.

'Tt was previously known that bounded PAV improvement implies core stability [BGP+24], which we strengthen by showing that it
even implies Lindahl priceability.

*Whereas the model of Fish et al. [FGP+26] assumes cardinal preferences, an earlier preprint uses approval preferences.

3E.g., the method of equal shares [PS20] lifts to majoritarian portioning [SG19].



In Section 4, we return to committee elections to show that, though the implications we found in apportionment do not
hold in committee elections, several of them approximately hold in this more general setting (Fig. 1b). First, we find that
EJR+ implies 2-approximate FJR and PJR+ implies 2-approximate FPJR, a question that we would not have thought to ask
without the result in apportionment. Second, bounded PAV improvement is closely linked to a natural strengthening of
Lindahl priceability (frugal Lindahl priceability, equivalent in apportionment), which implies bounded PAV improvement,
and whose 2-approximate notion is implied by bounded PAV improvement.

1.2 Related Work

Our work owes much to the literature on committee elections. We reference relevant works throughout and refer the reader
to Lackner and Skowron [L.S23] for a comprehensive treatment.

Using approval ballots for political apportionment has been proposed many times, including by Brams et al. [BKP19]
and Speroni di Fenizio and Gewurz [SG19]. Brill et al. [BLS18] observe that (single-party choice) apportionment is a
subdomain of approval-based committee elections.

Brill et al. [BGP+24] systematically study the approval-based apportionment setting. They formalize how to lift axioms
and voting rules from committee elections to apportionment, similar to the lifting we give from apportionment to portioning.
They also show that PAV-optimal commiittees satisfy core stability, whereas the satisfiability of core stability in general
committee elections is a major open problem. While they discuss portioning as a source of possible apportionment methods
(by rounding the portioning), they do not develop the connection between the models. Delemazure et al. [DDE+23]
show that strategyproofness and weak forms of proportionality are incompatible in apportionment, and characterize the
Chamberlin—Courant rule using a weak form of strategyproofness. They also discuss apportionment as an intermediate
model between committee elections and portioning in terms of their output types. As mentioned, Peters [Pet25] identifies
the connection between PAV and maximum Nash welfare in portioning and inspires our lifting between these settings.

Other papers touch on the apportionment setting as a special case of their model: Brams et al. [BBG22] discuss how their
excess method rule coincides with sequential PAV; Chandak et al. [CGP24] discuss apportionment as a special case of their
sequential-decision model; and Fish et al. [FGP+26] show that the BJR axiom is incomparable with other strengthenings of
JR in apportionment.

Portioning (or fair mixing) was introduced by Bogomolnaia et al. [BMS05], motivated by time sharing. Since the
outcome space is convex, microeconomic tools like the Lindahl equilibrium readily apply to this setting [FGM16]. We refer
the reader to Suksompong and Teh [ST26] for an overview of this literature.

2 Apportionment

2.1 Preliminaries

An apportionment instance is a tuple (N, P, A, k) consisting of a set of voters N = {1,...,n}, a finite set of parties P, a
tuple A = (A;);cn where A; C P is the approval set of 4, and the committee size k € N. Set ¢(S) := ||S| - k/n] for the
(Hare) quota of a set of voters S C N. By default, ¢ ranges over N and j over P. For ease of exposition, we assume that
every voter i approves at least one party. A committee is a multiset W : P — Nof size [W| = 3_, W(j) = k. As usual,
W (4) denotes the number of copies of j in W, and + and — denote multiset addition and subtraction. An apportionment
method is a function mapping each apportionment instance to a committee. We write w; (W) = > JeAs W (j) for voter #’s
utility for committee W, which simply counts the number of seats filled by approved parties.

We now define several proportionality axioms. Each of them is lifted from its committee-elections definition to
the apportionment setting using the embedding of Brill et al. [BGP+24].* Some lifted definitions include non-trivial
simplifications, so we formally derive them in App. B.1. This appendix also includes definitions for additional axioms,
which we defer due to lack of space.

Fix an apportionment instance and a committee W. Then:

EJR/EJR+. W satisfies extended justified representation (plus)’ if, for every nonempty S C N with ), cs Ai # 0, there
exists a voter ¢ € S with u; (W) > ¢(5).
FJR. W satisfies full justified representation if, for every nonempty S C N, every multiset T" of parties of size |T'| < ¢(S5),

and every 8 € N such that u;(T") > B forall i € S, there is an ¢ € S such that u; (W) > 5.

Lindahl Priceability. W is Lindahl priceable if there exist nonnegative personalized prices (p;;); j suchthat ). p;; < n/k

for all j and such that, for any voter i and multiset 7" of parties with 3, T'(j) p;; < 1, it holds that u;(T') < u;(W).

(Conceptually, ¢ cannot afford any outcome they prefer over W within a budget of 1.)

“Whereas the k copies per party in their embedding are “sufficiently many” for their considered axioms, we use k + 1 copies.
SThese definitions collapse, see the proof of Theorem 2.1.



Priceability. W is priceable if there exist nonnegative payments (p;;); ; and a per-unit price p > 0 such that p;; = 0
whenever j ¢ A;, »2.pi; < 1foralld, } , pi; = W(j)-pforall jand 37, 4 (1 — >, cppijr) < pflorall j. (The
unspent budget of j’s supporters is at most p.)

An apportionment method satisfies an axiom if it only produces committees satisfying that axiom.

The proportional approval voting (PAV) rule [Thi95] and its objective play a prominent role in our results. The PAV
score of a committee W is PAV (W) := .\ H,, (w) Where H; = 22:1 1/€. W is PAV optimal if it maximizes the
PAV score among all committees and is locally PAV optimal if no swap of one selected party for another strictly increases
its PAV score. For each j, we denote the marginal PAV gain from adding one copy of j to W (leading to a multiset of
size k + 1) by A, (j) == PAV (W+{j}) — PAV (W) = > ijea, 1/ (wi(W)+1). We say that a committee W satisfies
bounded PAV improvement if A{},(j) < n/k for all j. While it may be unintuitive to speak of the increase of the PAV
score when adding a (k + 1)th seat, this property (and its committee-election analog, see Section 4.1) plays a key role, in
the sense that it is implied by PAV optimality® and is sufficient to prove proportionality axioms like EJR+.

2.2 New Implications Between Properties

In this section, we prove three sets of new implication relations between committee properties in the apportionment setting
(red arrows in Fig. 1a). Recall that, due to the embedding of apportionment into committee elections, all implications
between axioms from committee elections hold in apportionment as well (black arrows in the figure). We verify in App. B.2
that no other pair of axioms in the figure implies each other, so the picture of pairwise relationships of the displayed
properties is complete.

Our point is not that any of the three results is hard to prove. Instead, these implications contradicted our expectations
(formed in committee elections) and thus pushed us to reevaluate the structure of approval-based apportionment.

FJR&EJR<EJR+ and FPJR<PJRSPJR+. We begin with a simple observation that several of the strengthenings of
justified representation, though distinct in committee elections, collapse in apportionment.

Theorem 2.1. In the apportionment setting, FIR, EJR, and EJR+ coincide, as do FPJR, PJR, and PJR+.

Proof. The collapse between EJR+ and EJR is so immediate that we even gave identical definitions for the apportionment
setting. In committee elections, the two axioms differ in which groups S of voters are “cohesive’” enough to deserve
representation guarantees. EJR demands a certain number of candidates, all of whom every ¢ € S approves, whereas EJR+
demands a single candidate, universally approved in .S, that must not be in WW. Since apportionment corresponds to the case
of sufficiently many copies of each candidate, any single universally-approved candidate can be replicated into several
candidates, or into one that is not yet selected, which is why cohesiveness simplifies as in our definition.

Since FIR already implies EJR in committee elections, it suffices to prove that EJR implies FIR. Let the committee
W satisfy EJR. Consider any S C N and T' : P — N such that |T'| < ¢(S) < |S|-k/n and u;(T) > g foralli € S.
By averaging over 7', some party j € T is approved by at least 3 - |S|/|T| > - n/k voters in S. By applying the EJR
guarantee of W to this subset of S, one of its members must satisfy u;(TW) > S, which establishes FIR. The equivalence of
FPJR, PJR, and PJR+ follows from an analogous argument given in App. B.2. O

To build intuition for the apportionment setting, we show on the following example how the argument above fails to
prove that, say, EJR+ implies FJR in general committee elections.

Example 2.1. Let n = 6 and k& = 3, let the set of candidates/parties be {a,b,c,z,y}, and the approval sets be
A1 = A2 = A3 = {a,b} andA4 :A5 :AG = {Q,C}.

Consider the (terrible) committee W = {a, x, y}. In both apportionment and committee elections, this violates FIR, as
witnessed by the grand coalition S = N with the proposal 7' = {a, b, ¢}, in which every i approves 3 = 2 alternatives,
while they only approve one in W. By applying the averaging argument, we get that a is approved by at least 2n/k = 4 (in
fact, six) voters. In apportionment, this shows that W violates EJR+: since such popular parties are available, a utility of 1
for all voters is not enough. In committee elections, by contrast, the popular candidate « is already in W and cannot be
added again. Hence, the violation of FJR does not lead to a violation of EJR+ there.

We will show in Section 4.2 that the FJR violation of an EJR+ committee in committee elections cannot get worse than
the example above: If the w;(T") were strictly more than twice max;c g u; (W), then a variant of this proof goes through.

Bounded PAV improvement<«-Lindahl priceability. Our next result shows a surprisingly tight relation between the PAV
objective and Lindahl priceability. Whereas PAV started out as the only voting rule known to satisfy strong proportionality
axioms like EJR [ABC+17], it now has serious competitors like the method of equal shares [PS20]. The fact that Lindahl
priceability is not only satisfied by PAV, but moreover equivalent to a notion of approximate PAV optimality, reaffirms that
the PAV objective is fundamental to proportional representation.

%1t is even implied by local PAV optimality, and the approximate local PAV optimality reached by the polynomial-time local-search
variant of PAV [AEH+18].



Theorem 2.2. In the apportionment setting, W is Lindahl priceable if and only if it satisfies bounded PAV improvement.

Proof. Suppose first that W is Lindahl priceable and let (p;;);,; be a corresponding price system. For every voter ¢ and
party j € A;, a multiset T with u; (W) + 1 copies of j would give i strictly greater utility than V. It must therefore be
unaffordable, so (u;(W) + 1) - p;; > 1 and p;; > 1/(u;(W) + 1). Consequently, for every party j,

1
AT () = Z m< Z pz‘jSZPijS%

PjEA; i:jEA; i€EN
(When nobody approves j, the first inequality is not strict, but A‘TV( j)=0)

Now, suppose that W is not Lindahl priceable, from which we will deduce that A{j,(j) > n/k for some j. Despite our
assumption, let us attempt to construct prices that are almost Lindahl prices. For ¢ > 0 small enough, set

1 . .
pii = ¢ wi(W)+l te ifjed;
Y 0 otherwise

for all < and 7. We chose these prices so that a voter ¢ cannot afford a multiset 7' they prefer over W within a budget of 1.
Indeed, that would require at least u; (W) + 1 approved alternatives, for a total price of at least

(wi(W) +1) - (s +€) =1+ (w(W) + 1) e > 1.

Since, by assumption, W is not Lindahl priceable, the price system above must fail the first condition, that is, for some 7,

n/k < Zpij = Z (m +e) < A%(]) + ne.
4 i:jEA;

Since, for some j, this holds for arbitrarily small € > 0, it follows that AITV( j) > n/k. O

We will explain in Section 4.2 how to adapt this proof into one for an approximate relationship between bounded PAV
improvement and a variant of Lindahl priceability.

PAYV Is Priceable. Our third result shows that (locally) PAV optimal committees are priceable. This is counter-intuitive
because priceability was defined as part of a case against “welfarist” rules [PS20], which, like PAV, maximize a function of
voter utilities. Although that paper shows that no Pareto-optimal welfarist rule is priceable, these desiderata turn out to be
compatible in apportionment.

Theorem 2.3. In the apportionment setting, local PAV optimality implies priceability.

Proof. Let W be locally PAV optimal. It would be natural to show priceability by setting payments according to the Lindahl
prices in the previous proof: p}; :== W (j)/(u;(W) + 1) if j € A; and p; = 0 otherwise. For these payments, each voter
spends u;(W)/(u;(W) + 1) < 1, each party receives W (j) - Y_.;c 4, 1/(wi(W) + 1) = W (j) - Ajj,(4), and for each j,
the left-over money of its supporters is ;. 4 (1 — u;(W)/(wi(W) + 1)) = Ay (7). Intuitively, the payments p’ satisfy
a variant of priceability with different per-unit prices A;FV (j) for each j, whereas we need a common price p.

We fix this defect by making voter ¢ spend some additional amount ¢;; > O for each j € A;. We set p := max; A‘J,FV( 7),
so that the constraint on left-over money is satisfied even without additional spending. In determining the ¢;;, we ensure that
(i) no voter’s additional spending exceeds their left-over budget 1/(u; (W) + 1) and that (ii) each alternative j receives
extra payments equal to W (5) - (p — A}, (4)). This way, p;; = pi; + dij will certify priceability.

Conditions (i) and (ii) can be written as constraints on a flow from voters to alternatives, with an edge between voters
and their approved alternatives. Hence, our desired d;; exist iff a Hall condition is satisfied, which we derive in App. B.2.
Specifically, we must show that, for any set of parties P’ C P,

WO p-ARG) S D wT (1)

jeP! i:A; NP0
Next, we make use of local optimality. If 7" is a multiset of parties and 7'(j) > 0 for some j, set
Ar(j) = PAV(T) = PAV(T — {j}) = > jean, 1/ui(T).
By local optimality, for parties j and j such that W (5) > 0,

02 A% (") = Ay () = AR (") — Ay (),



where the inequality follows as A7 () is monotone nonincreasing in 7'. Hence, it holds that Ay, (j) > max; A, (§') = p
for all such j, and that

=AW ) < Ap () -AR () = 24 OV~
©jEA;

By summing this inequality over W, we get
W) - (p— A% ()

€
(ui(lVV) - m) ’ (ZjeAmP/ W(]))

< Z (ui(lVV) - ui(Vll/)—l-f) ~u (W)

i:(AiﬂP’);tf@,ui(W)>0

1
< —_—
< Zi;AiﬂP’;ﬁ@ u; (W) +1
This shows the Hall condition (1). Hence, W is priceable. L]

Note that a locally PAV optimal committee satisfies both Lindahl priceability and priceability, but it is not known
whether it can be computed in polynomial time [KE24]. By contrast, a committee satisfying bounded PAV improvement
(and so Lindahl priceability) can be found in polynomial time using local search [AEH+18].

3 Portioning

3.1 Preliminaries

In portioning, an instance is a triple (N, P, A), just as in apportionment but without a committee size. A portioning is a
vector € RE ) with ||r||; = 1, that is, it allocates seat shares r () to each party j, adding up to one. Denote 4’s utility for a

vector t € IRIZDO by u;(t) = > jeA, t(j). A portioning method maps each instance to a portioning. A prominent portioning
method is Nash portioning [BMS05], which selects the portioning r maximizing the Nash welfare NW () == [ [, o 5 (7).

3.2 Connecting Apportionment and Portioning

The portioning setting has often served as a source of inspiration in committee elections (e.g., in defining Lindahl priceability,
[MSW22]) and apportionment (e.g., rounding majoritarian portioning, [BGP+24]), but this connection has typically stayed
informal. The one exception we know is a note by Peters [Pet25]. Fixing N, P, A, he shows that, when Wy, W5, ... is an
infinite sequence of PAV-optimal committees for committee sizes k; < k2 < ..., then every convergent subsequence of the
normalized apportionments W, /k, converges to a Nash-optimal portioning.

Building on this idea, we formally develop the connection between apportionment and portioning. We do so by defining
a lifting operation that takes any logical predicate X = X (N, P, A, k, W) over an apportionment instance and a committee
and maps it to a corresponding predicate lift(X) = lift(X) (N, P, A, r) over portioning instances and portionings. Typically,
these predicates will describe committee-level axioms (X = “TV satisfies EJR+in (N, P, A, k)”), but we can also lift
voting rules (X = “W is the outcome of PAV in the instance”).

Definition 3.1. Let X be a predicate over an apportionment instance and committee. Its portioning analog lift(X) is
a predicate over a portioning instance (N, P, A) and a portioning 7, which is satisfied iff there exists a sequence of
apportionment committees (W;)scn satisfying X on the instance (N, P, A, |W|), such that limy_,, |Wy| = oo and
limy_yo0 We/|We| = 7.

To support the claim that this definition is “the right one”, Table | gives five examples of axioms and voting rules in
committee elections that lift to key notions in the portioning literature. These connections are also reassuring signs that the
committee-election definitions actually track their continuous motivations. For example, Lindahl priceability lifts to its
inspiration Lindahl equilibrium, despite missing one of its conditions, and we strengthen the one-sided containment of
Peters [Pet25] to show that the Nash optimal portionings are exactly the limits of PAV optimal apportionments. Priceability
lifts to decomposability as defined by Brandl et al. [BBG+22], which Brandl et al. [BBPS21] show to be equivalent to
group fair share [BMSO05]. Other notions from apportionment translate into natural analogs in portioning that can be stated
without reference to limits. (See App. C.2 for details and proofs.)



Committee-Election / Apportionment Predicate  Lifted Portioning Analog

Lindahl Priceability MW2?! Lindahl Equilibrium [Fo!7]

Priceability "> Decomposability [*2+?21 / Group Fair Share [BM503]
Core Stability [ABC+17] Weak Core [Aumo6l]

Proportional Approval Voting [ Nash Portioning [BMS05]

Method of Equal Shares’ 752! Majoritarian Portioning’ (561

Table 1: Apportionment axioms and methods and their lifted analogs. (: breaking ties according to fixed order over parties.)

3.3 Implications Between Properties

We now consider the implications between properties in portioning. We ask if the graph of implications in apportionment
(all arrows, Fig. 1a) is more similar to that in committee elections (black arrows, Fig. 1a), or to the implications between the
portioning analogs of the axioms (all arrows, Fig. 1c).

Another desirable property of our lifting is that it mechanically preserves implications and existence results from
apportionment. (See App. C.3 for a simple proof.) As a result, all implications from apportionment induce valid arrows (in
black) in Fig. lc, and all axioms remain satisfiable.

Proposition 3.1. Suppose that, on all apportionment instances, predicate X implies predicate Y. Then, lift(X) implies
lift(Y') in all portioning instances. Similarly, if for each apportionment instance, there exists a committee satisfying X, it
must be true that, for each portioning instance, there exists a portioning satisfying 1ift(X).

As Fig. 1c shows, the portioning setting has a few additional implications relative to apportionment (proofs in App. C.3).
The more material one is that the analogs of local PAV optimality and PAV optimality coincide with those of bounded
PAV improvement, which is already equivalent to Lindahl priceability in apportionment. This collapse follows from the
equivalence between Nash optimality and Lindahl equilibrium [FGM16] but can also be seen step-by-step: as £ — oo, the
approximate local optimality of bounded PAV improvement requires local optimality, and since the PAV objective converges
to the concave Nash welfare, local optimality implies global optimality. The other new implication is that the analog of
core stability (weak core) implies the analog of priceability (decomposability). This only incrementally strengthens the
implication chain

lift(Lindahl pr.) < lift(local PAV opt.) = lift(priceability).

More importantly, our Theorems 2.2 and 2.3 relating to the PAV objective are natural from the perspective of portioning.
Indeed, our equivalence between bounded PAV improvement and Lindahl priceability recalls the equivalence of Lindahl
equilibrium with maximum Nash welfare, and the prices we set in Theorem 2.2 are discrete analogs of those proving the
portioning equivalence via the KKT conditions (i’s value for j divided by ¢’s current utility). Similarly, the priceability of
PAV is less surprising knowing that the Nash portioning is decomposable, which again follows from its first-order optimality
conditions. For these reasons, our impression is that the integrality of apportionment is less of a hurdle to axiomatic
implications than the inability to choose candidates more than once in committee elections.

4 Committee Elections

4.1 Preliminaries

An instance in committee elections is defined as in apportionment, except that we write C' for the set of candidates (replacing
the parties). Since candidates can be chosen at most once, k£ < |C| and a committee W is simply a subset of C of size k.
We set u; (W) == |4, N W].

Fix a committee 1¥/. We restate key axioms, highlighting differences in color. We defer other definitions to App. D.1,
and provide a more detailed discussion of bounded PAV improvement and frugal Lindahl priceability in App. D.2. For FIR,
we introduce a multiplicative relaxation by some o > 1:

EJR+. W satisfies EJR+ if, for every () # S C N with ((,cg A:)\W #0, there exists i € S with u; (W) > ¢(5).
a-FJR. W satisfies o-FIR if, for every ) # S C N, every T'C C of size |T| < ¢(S) and every 3 € N such that

u;(T) > a-pforall i € S, there is ¢ € S with u; (W) > 5.

Bounded PAV Improvement. W satisfies this axiom if A}, (j) < n/k forall j € C\IV.




4.2 Transferring Results from Apportionment

Recall our motivation of using apportionment as a “model organism” for committee elections, to understand relations
between concepts that are weaker than implications. We now study if our three connections in apportionment carry over in
terms of approximation results.

Concerning our first result, while EJR does not imply approximate notions of EJR+ and FJR as shown in App. D.3, we
can adapt our proof to connect EJR+ and FJR:

Theorem 4.1. EJR+ implies 2-FJR, and PJR+ implies 2-FPJR.

Proof. Retracing the proof of Theorem 2.1, we can already see that, if there were a (1-)FJR violation S, T’, 5 such that
T C C\ W, there must be a group of size at least 3 - n/k who all like one element of T', so an EJR+ violation.

We now assume that W violates 2-FJR and will deduce an EJR+ violation from that. We are given S, T, 5 such
that u;(T) > 208 > 2u;(W) forall i € S. Since |[A;, "N W| < fand |[A;NT| > 26, |A; N (T \ W)| > (. But then,
w,(T\W) > >u;(W)foralli € S,s05,T\ W, witnesses a 1-FJR violation with a candidate set 7'\ W disjoint
from W, so we obtain a contradiction with EJR+ as explained above. We give the PIR+ analog in App. D.3. [

Our argument recalls an observation by Brill et al. [BGP+24] that the proof for PAV’s core stability in apportionment
extends to committee elections with “disjoint objections”, which they show implies a 2-approximation for core stability.
In committee elections, Lindahl priceability and bounded PAV improvement are logically incomparable, seemingly
disagreeing with the connection we found in apportionment. We can, however, establish a bidirectional link if we slightly
strengthen Lindahl priceability by adding a third condition (we also add an approximation by o > 1):
a-Frugal Lindahl Priceability. W is o-frugal Lindahl priceable if there exist prices (p;;);,; > 0 such that (i) >, p;; <
n/k for all j; (ii) whenever ZjeTpij < 1 for some ¢ and T'C C, it holds that u;(T") < cv-u;(W); and (iii) p;; < pi;r
whenever j € A; N W and j' € A; \ W.
In apportionment, (1-)frugal Lindahl priceability coincides with Lindahl priceability, so both lift to Lindahl equilibrium.
Adding condition (iii) to Lindahl priceability is natural given its inspiration from Lindahl equilibrium since, in continuous
settings, a voter maximizing their utility subject to a budget will buy a cheaper good before an expensive good that is equally
preferred. (1-)frugal Lindahl priceability is implied by stable priceability [PPSS21], in which voters lexicographically
maximize utility and then left-over budget.’
Frugal Lindahl priceability and bounded PAV improvement are related in both directions:

Theorem 4.2. Frugal Lindahl priceability implies bounded PAV improvement, and bounded PAV improvement implies
2-frugal Lindahl priceability.®

Proof. Suppose first that W is frugal Lindahl priceable, with prices (p;;); ;. Fix any candidate j* € C'\ W. We will show
that A, (j*) < n/k.If no voter approves j*, this is direct. Else, let i be any voter approving j* and T := (4; N\ W) U {j*}.
Since u;(T") > w; (W), we have that

1< szj = pij+ + Z pij < (wi(W) + 1) pij,
JET JEANW
where the last inequality follows from condition (iii) of frugal Lindahl priceability. Thus, p;;» > 1/(u;(W) + 1) and
1

Pj*EA; ©j*EA;

)

>3

where the last inequality follows from condition (i).

As before, we prove the converse by contrapositive, assuming that 2-frugal Lindahl priceability is violated and obtaining
aj € C\ W with large PAV increase A}, (j). This constraint “j € C'\ W is what stops the old price system from working.
It would satisfy conditions (ii) and (iii), so the assumed violation of (2-)frugal Lindahl priceability would give us some j
with A, (§) > n/k. But this does not contradict bounded PAV improvement in committee elections if j € W.

Recalling the idea of “disjoint objections” leads us to the right pricing system. Holding voter 7 fixed, our goal is to
ensure that no 7" C C affordable within a budget of 1 can violate condition (ii) by having u;(T") > 2 u;(W). The insight is
that, for this to be the case, it must also hold that w; (T \ W) > u,;(W). So, if we set a price slightly above 1/(u;(W) + 1)
only for approved alternatives outside of W, this is enough to avoid a violation of condition (ii). Indeed, we set, for small
enough € > 0,

o ui(V[1/)+1 te ifjeA\W
Pij - 0 otherwise.

"Whereas stable priceability is unsatisfiable for some instances, this is open for frugal Lindahl priceability, see below.
8This strengthens the result that bounded PAV improvement implies 2-core stability [PS20].



This satisfies conditions (ii) and (iii) of 2-frugal Lindahl priceability by construction. Since, by assumption, this axiom does
not hold, there must be a violation of condition (i), that is, some j for which i Pij >n /k. Now, such a j cannot be in W
because candidates in W only have zero prices. We conclude as in Theorem 2.2 that, for some j € C'\ W,

n/k <Y pij= Y (G T O < ALG) +ne
i €A,

and hence that A}, (j) > n/k as claimed. O

Since we could not find any counterexamples to the satisfiability of frugal Lindahl priceability, we see it as a plausible
target for the field’s push to design a voting rule satisfying core stability. The above result that frugal Lindahl priceability
implies bounded PAV improvement may be useful in restricting the space of voting rules to explore; while maximizing
the PAV score can violate core stability, a frugal Lindahl priceable rule cannot leave out alternatives that would sufficiently
increase the PAV score. We also show in App. D.2 that bounded PAV improvement implies an optimal proportionality
degree [Sko21] of £ — 1, another attractive aspect of a hypothetical voting rule satisfying frugal Lindahl priceability.

Our final result, the priceability of PAV, does not seem to carry over to committee elections. In App. D.3, we adapt a
proof by Peters and Skowron [PS20] to show that a Pareto-optimal and welfarist voting rule like PAV cannot yield any
constant approximation to priceability (where the approximation allows voters more unspent budget).

5 Conclusion

In this paper, we contributed to the understanding of approval-based apportionment by proving new axiomatic implications
and formally investigating the setting’s relationship with portioning. Much more remains to be studied: we did not consider
axioms like perfect representation and laminar proportionality that only constrain certain profiles, relational axioms like
committee monotonicity, or the compatibility of axioms (e.g., committee monotonicity and core stability). Conceptually, we
would like to understand what kinds of axioms are easier to satisfy in apportionment than in general committee elections.

Our investigation also led us to interesting results for committee elections. For example, we would not have thought to ask
whether EJR+ implies approximate FJR had it not been for their equivalence in apportionment. We are also curious whether
the frugal strengthening of Lindahl priceability may prove useful in other works. In hindsight, the simpler cohesiveness
condition of EJR in apportionment foreshadowed the definition of EJR+, which, despite being stronger than EJR, has nicer
computational properties and a natural greedy algorithm [BP23]. With luck, the apportionment setting might again point to
an axiomatic variation with beneficial mathematical structure.
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Appendix
A Use of AI Tools

We used conversations with ChatGPT and Claude to help develop initial versions of the proofs that PAV implies priceability,
that majoritarian portioning is the lift of the Method of Equal Shares, and that Nash portioning is the lift of PAV. These
tools were also used for proofreading, including checks of both exposition and mathematical correctness. All arguments
were subsequently reviewed, revised, and verified by the authors. In addition to our manual efforts, we searched for
counterexamples to the satisfiability of frugal Lindahl priceability in committee elections using ChatGPT 5.6 Ultra, but did
not find any.

B Apportionment

An apportionment instance is a tuple (N, P, A, k). By default, i ranges over the set of voters NV and j over the set of parties
P. A committee is a multiset W : P — Nof size [W| = >, W(j) = k. We write u;(W) == >, ,. W(j) for voter i’s
utility for committee W. ¢(S) = [|S| - k/n| is the (Hare) quota of a set of voters S C N.

B.1 Axiom Definitions

For completeness, we first formalize the embedding of apportionment into committee elections introduced by Brill et al.
[BGP+24], in a manner analogous to Definition 3.1.

Definition B.1 ([BGP+24]). Let X = X (N, C, A, k, W) be a predicate over a committee election instance and a committee.
Its apportionment analog X* = X?*P(N, P, A, k, W) is a predicate over an apportionment instance and committee defined
as follows. Let (N, P!, Al k, W*!) be the committee election instance obtained by replacing each party j € P with k + 1
clones 7V, ..., i +1) Specifically,

P =Ujep{f™, . i} AT =Usea i, 5D W = e, iV Y
Then X (N, P, A, k, W) holds if and only if X (N, P!, A°!, k, W*!) holds.
The following is the apportionment analog of Proposition 3.1, which is stated implicitly in [BGP+24].

Proposition B.1. Suppose that, on all committee election instances, predicate X implies predicate Y. Then, X?P implies
Y 2P on all apportionment instances. Similarly, if for each committee election instance, there exists a committee satisfying
X, it must be true that, for each apportionment instance, there exists a committee satisfying XP.

Proof. Suppose an apportionment committee W satisfies X*P on (N, P, A, k). By definition, W ! satisfies X, and therefore
Y on (N, P9, A°' k). Again by definition, W satisfies Y*P on (N, P, A, k). For the second part, fixing an apportionment
instance (N, P, A, k), there exists a committee W' satisfying X° on (N, P!, A k). By definition, W satisfies X*P on
(N, P, A k). O

We next define the apportionment versions of the axioms by applying the construction in Definition B.1. Fix an

apportionment instance (N, P, A, k) and a committee W. Then:

JR. W satisfies justified representation if, for every nonempty S C N with (;. g A; # () and ¢(S) > 1, there exists a
voter ¢ € S with u;(W) > 1.

EJR/EJR+. W satisfies extended justified representation (plus) if, for every nonempty S C N with ;g A; # 0, there
exists a voter ¢ € S with u; (W) > ¢(5).

FJR. W satisfies full justified representation if, for every nonempty S C N, every multiset 7' : P — N of size |T| < ¢(5),
and every 8 € N such that u;(T) > [ for all i € S, there is an ¢ € S such that u; (W) > .

PJR/PJR+. W satisfies proportional justified representation (plus) if, for every nonempty S C N with ;.4 A; # 0, it
holds that Z‘jEUiES 4, W3) = a(S).

FPJR. W satisfies full proportional justified representation if, for every nonempty S C N, every multiset 7" : P — N of
size |T'| < ¢(S), and every 8 € N such that u;(T) > j for all i € S, it holds that ZjEU A, W) = B

i€S }

Core Stability. W satisfies core stability if, for every S C N and every nonempty multiset 7' : P — N of size |T'| < ¢(5),
there exists a voter ¢ € S with u;(T) < u;(W).

°To be precise, axiom X must be invariant under relabeling of identical candidates.
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Lindahl Priceability. W is Lindahl priceable if there exist nonnegative personalized prices (p;;); j suchthat )~ p;; < n/k
for all j and such that, for any voter i and multiset 7" : P — N with }, T'(j) pi; < 1, it holds that u;(T') < w;(W).

(Conceptually, ¢ cannot afford any outcome they prefer over W within a budget of 1.)

Priceability. W is priceable if there exist nonnegative payments (p;;);, i and a per-unit price p > 0 such that p;; = 0
whenever j ¢ A;, 3. pi; < 1foralld, 7, pi; = W(j) -pforall j,and >, ;s (1 — >, cppij) < p forall j.
(Conceptually, the unspent budget of j’s supporters is at most p.)

Bounded PAV Improvement. W satisfies bounded PAV improvement if A (j) < n/k forevery j € P.

Local PAV Optimality. W is locally PAV optimal if, PAV(W —{j}+{j’ }) < PAV(W) for all parties j and j' with
W(j) > 0.

PAV Optimality. W is PAV optimal if, PAV(W’) < PAV(W) for every committee W'.

As the definitions of priceability and Lindahl priceability have gone through some simplification, we formally establish
their correspondence with the committee election definitions. The original committee election definitions are included in
App. D.1.

Proposition B.2. The apportionment definition of Lindahl priceability is precisely the lift, as defined in Definition B.1, of
their commiittee election counterparts.

Proof. Given the apportionment (N, P, A, k), committee W is Lindahl priceable if and only if W' is Lindahl priceable
for (N, P, A< k).

Assume given (N, P, A? k), W< is Lindahl priceable witnessed by (p},); .c p«. Note that, by the utility—maximization
cond1t10n0fL1ndahlprlceab1hty, wemusthave ), p;,, > 1foreveryiand;j € A;as w (W <k <u; ({50, @,...,j++D}),
Set p;; to the average price of all copies of j, p;; = Z[ P/ (k+1). Weget 32, pij =32, 220y /(k+1) < n/k for
all ;.

Also, fixing 4, consider a multiset 7' : P — N with >, T'(j)pi; < 1. Note that for j € A;, as p;; > 1/(k+ 1) and
> T )plj <1,wemusthave T'(j) < k+1.LetT’ C PCl contain, for every j € A;, the T'(j) copies of j with the lowest
prices p' ;- and no copies of any j ¢ A;. This gives >y p;ju) <>, T(4)pi; and u;(T') = u;(1"). Then we have
Zj(é)eT/ Pijor < <> T()pij < 1, implying u;(T) = u;(T") < u; (W) = u;(W) where the inequality is by Lindahl
priceability of W*! for (N, P!, A, k). Therefore, W is Lindahl priceable witnessed by (p;;); ;-

Conversely, assume given (N, P, A, k), W is Lindahl priceable witnessed by (p;;); ;. Setting p;j(é) = pij, we get
Zip;jm =", pij <n/kforevery j*) € Pel.

Also, for every i and T/ C P! with Y eer Pie < 1,let T : P — N be such that T'(j) is the number of clones of j in
T". Then we have >, T(j)pij = >0 eq p;j(m < 1,and u;(T") = u;(T) < ui(W) = u;(W*) implying W is Lindahl

priceable witnessed by (p}..); cc pei- O

Proposition B.3. The apportionment definition of priceability is precisely the lift, as defined in Definition B. 1, of their
commiittee election counterparts.

Proof. Given the apportionment (N, P, A, k), committee W is priceable if and only if W is priceable for (N, P!, A°!, k).
Assume given (N, P!, A9 k), W is priceable witnessed by (p', (pl.);.cc pe1). Set p;; to the sum of prices of all copies of

JiDij = 2y Py Theniif j ¢ Ay, O ¢ A for every £ and pij = 30, 9/ ) = 0. Also, 32 pij = 3 jr e per Py < 1
for every i, and >, pij = >, Zép;j(@ = W(y) - p/ for every j. Finally, Zi:jeAi(l - Zj,eppq;j/) = Zi:j(l)eAgl(l —
a ph.) < p for every j implying W is priceable witnessed by (p’, (pi;)i.i)-
ceP ic 377
Conversely, assume given (N, P, A, k), W is priceable witnessed by (p, (pi;)i,;)- Set p;,jm = pij/W(J) if j ¢
wel and p’ &y = 0 otherwise. This way, if j() ¢ A¢, then j ¢ A; and p;ju) = 0. Also, > ;)¢ pa p;j(m =
W(J)pz W) = pi; < 1 for every i, and for every ;) € P° it holds that 3. p' ,, = 0 if j©
J J J y y 1 ’Lj()
Wd and Z P,]u) = Zipij/W(j) =pif j(g) e we Finally, th:ngA;l(l - ZCEPCI Péc) = Zi:jeAi(l -
W(] Piyw) < p for ever j© € Pl Therefore, (p,p),.); .cpe Witnesses the priceability of W€ for
j'ep © y ic)i,ce p
(N, Pd,Acl, k). 0

B.2 Omitted Proofs
Proposition B.4. In the apportionment setting, FPJR, PJR, and PJR+ coincide.

Proof. The equivalence of PJR+ and PJR again follows immediately from the characterization of PJR in Brill et al.
[BGP+24].

13



Since FPJIR already implies PJR in committee elections, it suffices to prove that PJR implies FPJR. Let the committee

W satisfy PJIR. Consider any S C N and T : P — N such that |T| < ¢(S) < |S| - k/n and u;(T) > B foralli € S.

By averaging over T, some party j € T is approved by at least 5 - |S|/|T| > (- n/k voters in S. By applying the

PIR guarantee of W to this subset S’ of .S, it must hold that ZjEU 4. W(j) = p. Since ZjEU 4 W(j) is at
ies! Tt ics "

leaSthGU 4. W(j), this implies FPJR. O
ies!

We next prove the following lemma, which we used in the proof of Theorem 2.3.

Lemma B.5. Let G = (V UU, E) be a bipartite graph, with supply upper-bounds h.,, for v € V and demands d,, for u € U.
Then, there exist nonnegative weights (zw){v,u}eE such that ZueN(u) Ty < hy foreveryv € V, and ZUEN(u) T = dy,

or every u € U, if and only i sy < N hy for every U’ C U where N(U') is the set of neighbors of U’ .
y y uelU veEN(U") y 8

Proof. Construct a flow network as follows.

Add a source s and a sink ¢. For each v € V, add a directed edge (s,v) of capacity h,,. For each edge {v,u} € E,
add a directed edge (v, u) of capacity +oc. Finally, for each u € U, add a directed edge (u, t) of capacity d,,. Observe
that a feasible assignment (2yy){y,4}c £ is equivalent to an s— flow of value ), d,: the flow on edge (v, u) i Zyu,
the capacity constraints on (s, v) enforce »_ . N(w) Tou < h,, and saturating every edge (u, t) is equivalent to satisfying
2 veN (u) Tvu = dy. On the other hand, the capacity of the cut (V UU U {s}, {t}) equals >, ;; d., and the value of st
max-flow is at most ) _ ., d,,. Therefore, we need to prove the value of s—t max-flow is exactly ), _;; d,. By the max-flow
min-cut theorem, it suffices to prove that s— min-cut has capacity exactly > ., dy

Consider any finite-capacity cut (S,T) with s € Sandt € T. Let U’ =T N U Then every neighbor of U’ lies in
T N V; otherwise an infinite-capacity edge would cross the cut. Hence N(U’) C T'NV, and the cut has capacity of at
least ZU eN@Y) hy + ZueU\U, d,,. Moreover, this lower bound is attained exactly when N (U’) = T'N V. Therefore, the

capacity of min-cutis ) | ., d, if and only if for every U’ C U,
OIS SIPIED 3P
veN(U’) weU\U’ uelU
which is equivalent to 3, c vy ho = X ,cpr du- O

We next confirm that there are no other implication relations in Fig. 1a. For the reader’s convenience, the figure is shown

again below.
PAV Optimality

[Local PAV Optimality

v

Bounded PAV Imp.j

Lindahl Pr.

[Core Stability]

Priceability

Proposition B.6 ([BGP+24]). EJR does not imply core stability, and PJR does not imply EJR.

Proof. Based on Appendix B of Brill et al., in the apportionment setting, seq-Phragmén satisfies PJR but not EJR, and the
method of equal shares satisfies EJR but not core stability. O
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Example B.1 ([BTC+25]). Letn = 3, k = 2, and P = {a,b, ¢, d}. The voters have approval sets A; = {c,d}, Ay =
{a,c,d}, As = {a,b,c,d}, and the elected committee is W = {a, b}.

Proposition B.7. Core stability does not imply Lindahl priceability.

Proof. Itis easy to verify that in Example B.1, W is core stable. Berker et al. [BTC+25] showed W is not Lindahl priceable
in the case of committee elections, and Lindahl priceability in apportionment is only more constrained. O

Example B.2. Let n = 10, kK = 5, and P={a, b, c}. The approval sets are A; = {a} fori € {1,2,3}, A; = {b} for
i€{4,5,6}, A; = {c} fori € {7,8,9,10}. The elected committee is W = {a, b, ¢, ¢, c}.

Example B.3. Let n = 4, k = 2, and P={a, b, ¢, d}. approval sets are A; = {a,c}, A2 = {a,d}, A3 = {b,¢,d},
Ay ={b},and W = {¢,d}.

Proposition B.8. Bounded PAV improvement does not imply local PAV optimality, and local PAV optimality does not imply
PAV optimality.

Proof. In Example B.2 W satisfies bounded PAV improvement as A{fv(j) < n/k = 2 for every j, but it is not
locally optimal: PAV (W+{a}—{c}) > PAV (W). In Example B.3, W is locally PAV optimal but not optimal as
PAV ({a,b}) > PAV (W). O

Proposition B.9. Lindahl priceability does not imply priceability.

Proof. In Example B.2 W satisfies bounded PAV improvement, and by Theorem 2.2 it is Lindahl priceable, but is not
priceable: the first three voters have a total budget of 3 and purchase one seat. Their remaining budget is therefore 3 — p,
which must be at most p. Hence, p > % On the other hand, the last four voters have a total budget of 4 and purchase three

seats, implying 3p < 4, and p < %. O
Proposition B.10. Priceability does not imply EJR.

Proof. Seq-Phragmén satisfies priceability for committee elections [PS20] and thus for apportionment by Proposition B.1,
yet it can violate EJR in the apportionment setting [BGP+24]. O

C Portioning

A portioning instance is a tuple (N, P, A). By default, i ranges over the set of voters N and j over the set of parties P. A
portioning is a vector r € RE with ||r||; = 1. 4’s utility for a vector ¢ € RE is denoted by u;(t) = > jea, tl).

C.1 Preliminaries

Below comes the definition of the portioning concepts we mentioned in the body.

Lindahl Equilibrium. Let r € RE, be a portioning and (p;;); ; be nonnegative prices. Then (r, (p;;)i ;) is a Lindahl
equilibrium if 3, r(j) p;j < 1 forevery i, 3, pi; < n forevery jand ), p;; = nif r(j) > 0, and for every voter i
and t € RE, such that 3° #(5) pij < 1, ui(t) < wi(r).

Decomposability. A portioning r is decomposable if we can write r = Y, ; where §; : R is such that §;(j) = 0
whenever j ¢ A;, and )_, 8;(j) = 1/n for all 4. -

Group Fair Share. A portioning r satisfies group fair share if for every S C N, ZjeUieS 4, 7)) = [S]/n.

Weak Core. A portioning 7 is in weak core if there does not exist a nonempty coalition S C N and ¢t € RI;O such that
llt]1 < |S]/n and u;(t) > u;(r) forevery i € S.

Nash Portioning. The portioning method that selects a portioning r maximizing the Nash welfare NW (r) = [, u;(r).

Majoritarian portioning. It proceeds in rounds ¢ = 1,2, . ... Initially, all parties and voters are active. In iteration ¢, we
select the active party j, that is approved by the highest number of active voters. Let N, be the set of active voters who
approve jg. Then, set r(j¢) to | N¢|/n, and mark j, and all voters in N, as inactive. If active voters remain, the next
iteration is started; else, r is returned.

!0The original definition by Brandl et al. [BBPS21] considers a more general setting which allows agents (voters) to have arbitrary
contributions ¢; > 0. We assume all voters contribute equally, with 1/n.
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C.2 Lifting Apportionment Predicates

In this part, we derive the definitions for the lift of apportionment predicates mentioned in App. B.1. We will need Dirichlet’s
theorem on simultaneous Diophantine approximation, which is given below.

Theorem C.1. Let o € R? be a real vector. Then there exist a sequence of integer vectors (2°) ey where z* € 74 and a
sequence of positive integers (k¢)gen such that

; 4 — i L —
g e ==l = Jin, g, ecs = 5120

Corollary C.2. For every portioning r € RISO, there exist integer-valued committees Wy : P — N for every { € N such

that |W;| — oo, and max; ||We|r(j) — We(s)| = 0. In particular, we also get Wy /|Wy| — 7.

Proof. For |P| = 1, then necessarily = 1, and the desired sequence (W;)en trivially exists. So assume |P| > 1 and
fix a j* € P satisfying r(j*) > 0. By Theorem C.1, there exist W, : P\ {j*} — Z and positive integers k; such that
max;jj- [ker(j) — We(j)| — 0. Let We(5) = ke — 324« We(j). We obviously get [Wy| = k, and also

(W) = IWelr())| < Y [Wel5) = [Welr ()]

JF#I* J#3*

IWelr(5") = We(5")| = ‘|We| (1 -y r(j>> - <|We| -y Weu')) ‘ =

J#I* J#I*

which converges to 0 as P is finite and |Wy(j) — |Wy|r(j)| — 0 for every j # j*.

We now show that we may choose the sequence so that |IW,| — oo. If all coordinates r(j) for j # j* are rational,
let D be a common denominator and k; = ¢D. Then W;(j) = ker(j) for j # j* will be integral and satisfies
max-;- |ker(j) — We(j)| = 0. Otherwise, if one of the coordinates r(j) for j # j* is irrational, assume for the sake of
contradiction that |W| /4 oo. Then there exists some integer k such that |W,| = k, = k for infinitely many ¢. Therefore,
on this subsequence max -« |kr(j) — We(j)| = 0. As W,(j) is integral, kr(j) must be integral for every j # j*, which
implies all coordinates j # j* are rational and leads to a contradiction. Therefore we showed |W;| — oo.

Also, as |W|r(j) > 0, We(j) is integral, and ||[W|r(j) — We(5)| — 0, we must have Wy (5) > 0 for sufficiently large
£. Hence, after discarding finitely many initial terms, we may assume that W, > 0 for every .

Finally, we have limy_, oo || — We/|Wel|| = lime— oo W‘lfile |[Welr — Wy|| = 0, implying W /|Wy| — r. O

Observe that, for committees W, obtained by applying Corollary C.2, we have ¢, := max; ||[W¢|r(j) — We(5)| — 0.
Therefore, for every voter ¢,

[us(We) — [Welui(r)| < |Aslee <1, ()
and, for every S C N,
Yooow) =Wl D r@)| <1 Aider <1 3)
jeUieSAi jEUiGS Ai ies

for all sufficiently large /.
Proposition C.3. Given an instance (N, P, A), every portioning r satisfies the lift of JR.

Proof. Consider an arbitrary portioning 7. For every ¢ € N, define a committee W, by Wy (j) = |r(j)¢ + 1]. Note that
(Wel =32;1r(j)€+1] = 32, 7(§)¢ = L. Therefore lim—, o [We| = +o0. Since We(j) > 1 for every j, it satisfies JR on
the instance (I, P, A, [W¢|). Moreover, [W,| < 3. (r(j)¢ + 1) = £ + | P|, and hence, for a fixed j, we have

@) +1] _ W) _ LrG)e+ 1]
T e T/ N

As £ — 00, both the left- and right-hand sides converge to r(j). Hence lim,_, oo Wy(5)/|W¢| = r(j) for every j, and as P
is finite, we have limy_, o, W;/|Wy| = 7. O

Proposition C.4. Given an instance (N, P, A), portioning r satisfies the lift of EJR/EJR+ if, for every nonempty S C N

with (;cg Ai # 0, there exists a voter i € S with u;(r) > |S|/n.
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Proof. Assume we have a sequence of committees (Wy)gen such that Wy satisfies EJR on (N, P, A, |[Wy|), |[We| — oo,
and W, /|W,| — r. Consider an arbitrary nonempty set S C N with (),_q A; # 0. As every W is EJR and S is finite,
there exists an i* € S satisfying u;« (W) > [|S||W¢|/n] for infinitely many ¢ € N. Passing to this subsequence, we have

wie (r) = Jim. wge (We/|Wel) 2 Jim [|S]IWel/n/|Wel = |S]/n.

Conversely, assume that r satisfies the proposed definition. Apply Corollary C.2 to find committees W, : P — N. By
Eq. (2) for all sufficiently large ¢, |u;(W;) — |We|u;(r)| < 1 for every i. Consider an arbitrary nonempty set S C N with
Nics Ai # 0, and let ig € S be such that u;¢ () > |S|/n. Then u;s (Wy) > [Wyluig(r) — 1 > [We||S|/n — 1 for all
sufficiently large ¢. Since u; (W) is integral, this implies w;, (W) > [|W||S|/n]. As there are only finitely many sets
S C N, W, satisfies EJR for all sufficiently large ¢. O

Proposition C.5. Given an instance (N, P, A), portioning r satisfies the lift of FIR if, for every nonempty S C N, every
te Rgo with ||t|| < |S|/n, and every 8 > 0 such that u;(t) > [ foralli € S, there is ani € S such that u;(r) > .

Proof. Assume we have a sequence of committees (W;)sen such that W, satisfies FIR on (N, P, A, |Wy|), |[We| — oo,
and W, /|W,| — r. Consider an arbitrary nonempty set S C N and ¢ € RZ such that ||t||; < |S|/n and u;(t) > 3
for every ¢ € S. For every ¢ € N, let T; be the integer-valued function defined by T;(j) = [t(j)|W¢||. Note that
|Te| < |Welllt|l1 < |S||[We|/n, and as T is integer-valued, |T| < ||S||We|/n|. Moreover, for every i € S, we have

(T)) > j —1) = (1) — |4, > - Ayl
W) 2 3 (@G) W = 1) = IWilu0) =14 > A1V = gl o]

Since W, satisfies FJR, there is an i, € S such that u;, (W) > B|W;| — maxpecg |Ap|. As S is finite, there exists an
i* € S such that i, = ¢* for infinitely many ¢. Passing to this subsequence, we have

wi= (1) = lim wi (We/|[Wo|) > lim (B|Wy| — max |Ax|)/|We| = 5.
{—00 f—00 hes

As S, t, and B were chosen arbitrarily, r satisfies the proposed definition for the lift of FJR.

Conversely, assume that r satisfies the proposed definition for FJR. Apply Corollary C.2 to find committees W, : P — N.
By Eq. (2) for all sufficiently large ¢, |u;(W;) — |We|u;(r)| < 1 for every i. Fix such an ¢, a nonempty set S C N, and
a function T : P — N such that |T'| < ||[Wy||S|/n]. Let 8 = min;egu;(T) and t = T'/|Wy|. Then ||t||; < |S|/n and
u;(t) > B/|Wy| for every ¢ € S. Since r satisfies the proposed definition, there exists an ¢ € .S such that u;(r) > 5/|Wy|.
Therefore u;(Wy) > |Wp|u;(r) — 1 > 8 — 1. Since u;(W;) and 3 are integral, u;(W;) > (. Thus W, satisfies FJR for all
sufficiently large ¢, completing the proof. O

Proposition C.6. Given an instance (N, P, A), portioning r satisfies the lift of PIR/PIR+ if, for every nonempty S C N
with (\;cg Ai # 0, it holds thathEU 4. 7(7) = |S|/n.
ies "

Proof. Assume we have a sequence of committees (W;)sen such that Wy satisfies PIR on (N, P, A, |Wy|), [W,| — oo,
and W /|W,| — r. Consider an arbitrary nonempty set S C N with N;egA; # 0. As every W, is PIR, it holds that
ZjeuiesAi Wi(5) > ||S||We|/n] for every £ € N. Therefore ZjGUiESAi r(j) = limy 00 ZjeuiesAi Wi(5)/|1We| >
[S1/n.

Conversely, assume that r satisfies the proposed definition. Apply Corollary C.2 to find committees W, : P — N. By
Eq. (3) for all sufficiently large £, | >0 c ;. a, We(d) — [Wel 2250, ga, 7(4)| < 1forevery S C N.

Consider a nonempty set S C N with NiesA; # 0. Then 37, 4 We(d) > [Wel Xojc0,.0a,70) — 1 =
[We||S|/n — 1. Since the left-hand side is integral, > .. 4, We(j) = [[W[|S]/n]. Thus W, satisfies PJR for all
sufficiently large £. O

Proposition C.7. Given an instance (N, P, A), portioning r satisfies the lift of FPIR if, for every nonempty S C N, every
t € RE, with |[t||1 < |S|/n, and every B > 0 such that u;(t) > B for all i € S, it holds that ZjeU A7) =B
- ics "

Proof. Assume we have a sequence of committees (W;)sen such that W, satisfies FPIR on (N, P, A, |W,|), [W,| — oo,
and W, /|W,| — r. Consider an arbitrary nonempty set S C N and ¢ € RZ such that ||t[|; < |S|/n and u;(t) > 3
for every i € S. For every £ € N, let T;(j) = [t(j)|Wel|]. As in the case of FIR, |T;| < ||S||W¢|/n] and u;(Ty) >
BIW¢| — maxpecg |Ap| for every i € S. Since W satisfies FPIR, ZjeU A, We(j) = BIWe| — maxpes |Anl, and

i€S

dooorl)=Jim o D> W)/ IWel > Jim (5]We| — max | An])/|We| = 8

{— 00

jeUiesAi jeUiesAi
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Thus 7 satisfies the proposed definition for the lift of FPJR.
Conversely, assume that r satisfies the proposed definition. Apply Corollary C.2 to find committees W, : P — N. By

jel, .. As We(j) — ‘WMZ]EUies r(j)] < lforevery S C N.

Fix such an ¢, a nonempty set S C N, and an integer-valued function T : P — N such that |T'| < [|W,||S]/n].
Let f = min;egu;(T) and t = T/|Wy|. Then ||t]|; < |S|/n and u;(t) > S/|W,| for every i € S. Since r satisfies the

proposed definition, ) . jel, . 4 r(4) > B/|We|. Therefore > . iel,. A, We(G) > [Wo| Z]EU r(j)—1>p -1
Since the left-hand side and ﬁ are integral, ) jel, . We( j) > 5 Thus Wy satisfies FPIR for all suﬁ‘imently large ¢,
completing the proof. [

Proposition C.8. The lift of core stability is weak core. That is, given an instance (N, P, A), portioning r satisfies the lift
of core stability if, for every nonempty S C N and every t € RE such that ||t||y < |S|/n, there exists a voter i € S with
ui(t) < ui(r).
Proof. Assume we have a sequence of committees (Wy)scn such that W, satisfies core stability on (N, P, A, |Wy|),
|We| — oo, and Wy /|W;| — r. Consider an arbitrary nonempty set S C N and t € RE such that ||¢[|; < |S|/n. For every
e N, let Ty(j) = [t(45)|Wel|. Then |T;| < [|S]|We|/n]. Since Wy satisfies core stability, there is an ¢y € S such that
i, (We) > i, (Ty). As S is finite, there exists an ¢* € S such that ¢, = ¢* for infinitely many ¢. Passing to this subsequence,
we obtain u;« (1) = limy_,o0 wix (We/|We|) > limy—y oo wix (T¢)/|We| = u;=(t). Thus r satisfies the proposed definition
for the lift of core stability.

Conversely, assume that 7 satisfies the proposed definition for core stability. Apply Corollary C.2 to find committees
W, : P — N. By Eq. (2) for all sufficiently large ¢, |u;(W;) — |Wy|u;(r)| < 1 for every i.

Fix such an ¢, a nonempty set S C N, and an integer-valued function 7" : P — N such that |T| < [|W,]||S|/n]. Let
t = T/|Wy|. Then ||ty < |S]/n, so there exists an ¢ € S such that u;(t) < w;(r). Therefore u;(T) < |[Wplu;(r) <
u;(We) + 1. Since u;(T") and u; (W) are integral, u;(T") < u;(W;). Thus W, satisfies core stability for all sufficiently
large ¢, completing the proof. O

Proposition C.9. Given an instance (N, P, A), portioning r satisfies the lift of priceability if, there exist nonnegative
payments (pi;);,j and a per-unit price p > 0, such that p;; = 0 whenever j ¢ A, 3~ pij = 1foralli, and }; pij = n-7(j)
for every j. Therefore, the lift of priceability is decomposability.

Proof. Assume that we have a sequence of allocations (W;)gen such that Wy is priceable on (N, P, A, |W,|), [W,| — oo,
and W, /|Wy| — r. For every £ € N, let (pfj)z j and g¢ > 0 be a priceability certificate for Wy. Thus, 3 pfj < 1 for every
i pw =0 Whenever] ¢ ALY, p” = qeWe(j) forevery j,and 32, i 4 (1 =35 eppfj ) < gy for every j.

Summing Y, pf; = ngg( ) over all j, we obtain ge[We| = >, >~ pi; < n.Hence g; < n/|W,|, and therefore ¢, — 0.
For every i, let bf = 1 — E] pt. ; denote voter ¢’s unspent budget. Fix some j; € A;. By the last condition in the definition
of priceability, 0 < bf <7, .. 4 bj, < qu. It follows that b — 0 for every i. Consequently, go|[Wy| = =, (1 — b) — n.

Since N and P are finite and p® € [0, 1]V*F, (p%)sen has a converging subsequence. Thus, we may assume w.l.0.g.

that pfj — p;;. The limit payments are nonnegative and p;; = 0 whenever j ¢ A;. Moreover, ) jDij = limg—yo0 Y y pfj =
limg_, o0 (1 — bf) = 1 for every i. Finally, for every j,

zi:pz‘j = lim zi:pij = lim q:We(j) = lim (qe|We)We(5)/|We| = nr (7).

Thus r satisfies the proposed definition for the lift of priceability, witnessed by (p;;);.;-

Conversely, suppose that r satisfies the proposed definition for priceability. Hence, there exist nonnegative payments
(pij)i,j such that p;; = 0 whenever j ¢ A;, >, p;; = 1 forevery i, and >, p;j = n - r(j) for every j.

Consider the following polytope P, over the variables (x;); and (v;)s,;:

Zl‘j =1

J

Zyij =1 Vi
J

Zyij =Nnxy Vj
[

Yij =0 Vi, j & A
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All coefficients in the constraints of 7P are rational, implying every vertex of the polytope is rational. As (r, (pi;): ;) € P,
we can therefore find a sequence of rational points (¢, (pfj)L ;) € P converging to (r, (pi;)i,;). For every ¢ € N, choose
I, € N such that I, - 7 is integral. Setting Wy = £ - Iy - 7, we have limy_, o |W;| = +o00 and limy_, . Wy/|Wy| = r.

Next, we show that W, is priceable witnessed by payments (pfj)i,j and the per-unit price ¢y = n/|W;|. Each
voter spends her entire budget since Z pfj = 1 for every i, p;; = 0 whenever j ¢ A;. Moreover, for every j,
it holds that >, pf. ;= n-1e(j) = n/|We[We(§) = qW,(j). Finally, since every voter spends her entire budget,
ZmeAi (1- Z] epp” ) = 0 < g for every j. Therefore, Wy is priceable for every /.

To see this notion is equivalent to decomposability, simply set §;(j) = p;;/n. O

Proposition C.10. Given an instance (N, P, A), portioning r satisfies the lift of Lindahl priceability if, there exist
nonnegative personalized prices (pij)i; such that y ;. pij < n for all j and such that, for any voter i and t € Rgo such

that 3, t(j) pij < 1, ui(t) < uy(r).

Proof. First, assume that we have a sequence of committees (W;)scn such that Wy is Lindahl priceable on (N, P, A, |Wy|),
|Wi| — oo, and W /|Wy| — r. For every £ € N, let (qu)i, ; be personalized prices witnessing that W, is Lindahl priceable.
Thus, 3=, f; < n/|W,| for every j, and, for every voter i and every function " : P — N such that )~ T'(j)g;; < 1, itholds
that u;(T) < u;(Wy). Let pf; = [We| - gf;. For every j, we have Y, pf; = [We| 3, ¢; < n. In particular, p; € [0,7]
for every i and j. Since N and P are finite, (p®)scn has a converging subsequence. Thus, we may assume w.l.0.g. that
pfj — py; for every 7 and j.

For every i and j € A;, consider the allocation consisting of u;(W;) + 1 copies of j. Since this allocation gives voter ¢
strictly larger utility than W, it cannot be affordable. Therefore, (u;(W¢) +1)¢;; > 1, and hence ¢f; > Fixing

a voter ¢ and a party j € A;, we get

N S
u; (We)+1°

Wel 1

Pi; = |W€| qf] >

Since pfj < n, this also implies u;(W;)/|We¢| 4+ 1/|We| > 1/n. Taking limits gives u;(r) = limy_,o0 ui(We)/|We| +
1/|W¢| > 1/n > 0. We may therefore take limits in the previous inequality and obtain p;; > 1/u;(r) for every ¢ and
j € A;. Moreover, for every j, it holds that » i Piy = limy o0 Zi pfj < n. Now consider an arbitrary voter ¢ and ¢ € R§0
such that > t(j)pi; < 1. As pi; > 1/u;(r) for j € A;, we have

1> Z i = >ty > %r) 3 i) = u%(t).

JEA; JEA;

Therefore, u;(t) < w;(r). Thus, (p;;); ; witnesses that r satisfies the proposed definition for the lift of Lindahl priceability.

Conversely, suppose that r satisfies the proposed definition for Lindahl priceability, witnessed by nonnegative personalized
prices (p;;)i,;. First, note that u;(r) > 0 for every voter 4. Indeed, if u; () = 0, then, for any j € A;, voter ¢ could afford a
sufficiently small positive amount of j and obtain strictly positive utility, which is a contradiction.

Moreover, for every ¢ and j € A;, we have p;; > 1/u;(r). Otherwise, suppose that p;; < 1/u;(r) for some j € A;.
If pi; > 0, consider the portioning ¢ where ¢(j) = 1/p;; and (j') = 0 for every j' # j. Then >, t(j')p;j» = 1, while
u;(t) = 1/p;; > u;(r), which is a contradiction. If p;; = 0, voter ¢ can obtain an arbitrary positive amount of j at zero cost,
which also gives a contradiction.

Apply Corollary C.2 to find committees W, : P — N. By Eq. (2) for all sufficiently large L, |ul(W4) [Welu;(r)] < 1
for every i, implying u;(W;) + 1 > |Wy|u;(r). For every sufficiently large ¢, define ¢! if , which implies

Do qu = ﬁ > oiDij < Wnd for every j, and for every j € A;,

Dii 1 1
ij =1

B |WZ‘ - ‘W4|u1(r) ” Ui(Wg)—l—l. “)

Now consider an arbitrary voter ¢ and a function T : P — N such that u;(T") > u,;(W,). Since both utilities are integral,

ui(T) > ui(We) + 1. Using Eq. (4), we obtain T(j)qs; > D jeA; T(j)qs; > % > 1. Implying that (gf;);;

witnesses that I, is Lindahl priceable. O

Proposition C.11. Lindahl equilibrium is equivalent to the lift of Lindahl priceability.

19



Proof. If (7, (pi;)s,;) is a Lindahl equilibrium, then r is Lindahl priceable, as the definition of Lindahl equilibrium only
imposes additional conditions.

Conversely, assume that a portioning r satisfies the lift of Lindahl priceability, witnessed by (pij)i,;- We first show
that 3, r(j)pi; > 1 for every voter 4. Suppose otherwise that >~ r(j)p;; < 1. Fix some j' € A;. Then we can choose
e>0 sufﬁ(nently small such that Z r(j)pij + epijy < 1. Lett = r + cejr. Then t is affordable for voter ¢, while
wi(t) = ui(r) + e > u;(r), contradlctmg that » maximizes voter 4’s utility among all affordable portionings. On the other
hand, since ) . p;; < n for every j, r>0,and [[rl|y =1, wehaven > > . r(j) (32, pij) = 22, >, 7(d)pij > n where

the last inequality follows from 3 r(j)p;; > 1. Therefore, all inequalities hold with equality. In partlcular >ir(pi =1
for every voter 4, and ) . p;; = n whenever r(j) > 0. Hence (7, (pi;):,;) is a Lindahl equilibrium. O
Proposition C.12. Given an instance (N, P, A), portioning r satisfies the lift of bounded PAV improvement if,
M: > < n forevery j.
or(j) ©jEA; u@(r)

Proof. Assume that we have a sequence (W¢)sen such that A, () < n/|W,| for every j, |[W| — oo, and W /|[We| — r.
Therefore, for a fixed j, [WelAy, (7)) = Y. ea, |Wz‘/(u1(W4) +1) < n. If u;(r) = 0 for some 7 with j € A;, then
uz(Wg)/‘Wd — 0 and

e [Wel/(us(We) + 1) = lim 1/(uy(We) /|We| +1/[We) = oo,

which contradicts |I/V4|A'1£’V/Z (J) = 2 ijea, IWel/(ui(We) + 1) < n. Hence u;(r) > 0 for every i that j € A;. Taking
limits gives
> i ; = .
im0 1/ (i (Wo)/[Wel + 1/IWel) = 3 1/ui(r).
iijEA; 1ijEA;
Thus 7 satisfies the proposed definition of bounded PAV improvement.

Conversely, suppose that r satisfies >, ;c 4, 1/ui(r) < n for every j. Apply Corollary C.2 to find committees
W, : P — N. By Eq. (2) for all sufficiently large ¢, |’U,Z(Wg) — |Welui(r)| < 1 for every i. Hence, for all sufficiently
large £, ui(We) +1 > [Wilui(r) AV, () = Zijea, Wel/(wi(We) +1) <
> ijea, 1/ui(r) < n. Thus A () <n/ |Wg\ for every j, and W, satlsﬁes bounded PAV improvement for all sufficiently
large /. O

Proposition C.13. The lift of proportional approval voting (PAV) is Nash portioning. That is, given an instance (N, P, A),
portioning r satisfies the lift of PAV optimality if, NW(t) < NW(r) for every portioning t.

Proof. Assume we have a sequence of PAV-optimal committees (Wy)¢en such that [Wy| — oo and Wy /|Wy| — r.
First note that, as W, is PAV-optimal, it also satisfies bounded PAV improvement, and we showed in the proof of
Proposition C.12 that u;(r) > 0, meaning log u;(r) is well-defined. As Wy /|W,| — r, log u; (W /|W;|) = log u;(r) + €,
where limy_, o, £}, = 0. Also, recall that H,,, = log m + v + &,,, where - is Euler’s constant and lim,,,_, &, = 0. Thus:

PAV (W) ZH (We) = Zlogm W) + Eus (W) T 1Y
= Zlogul +nlog(|We|) +ny+&  (aslogu;(W;) = logu;(r) + log |[We| + ;)

= logNW( ) + nlog(|We|) + ny + &

Let ¢ be an arbitrary portioning. For every ¢, one can round |WWy|¢ to a committee T} of size |W,| such that T, /|W;| — t.
If u;(t) = O for some 4, then the inequality NW(¢) < NW(r) trivially holds as NW(¢) = 0. So, suppose u;(t) > 0 for every
i. Then using the same argument as above, PAV (T;) = log NW(t) + nlog(|W;|) + nvy + £,, and as Wy is PAV optimal,
PAV(W;) > PAV(T,) implying NW(r) > NW(t).

Conversely, suppose that a portioning r maximizes Nash welfare. First note that if 7’ is another Nash-optimal portioning,
we have u; () = u;(r") for every 4. If not, as u; (1), u; (") > 0 for every i and by strict concavity of ) . log u; it holds that

logNW((r +1)/2) = Zlogul r+1)/2) >1/2210gu, +1/QZlogui(r’):10gNW(7‘),

contradicting the optimality of r.
Let matrix B € {0,1}(*D*IPl be such that Bx = (u1(z), ..., u,(2), > ;x;) for every portioning z. Basically,
the first n rows of B are indicator vectors of approval sets Ay, ..., A,, and the last row is 1. For every k € N, choose
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a PAV-optimal committee W}, for the instance (N, P, A, k). By the first direction, every convergent subsequence of
(W /k)ren converges to a Nash-optimal portioning. Since Wy, /k € [0,1]% and [0, 1]¥ is compact, at least one convergent
subsequence exists. Fix a convergent subsequence, denoted (W) ¢en, with Wy /|W;| — r/ for some portioning r’. Then r’
is Nash optimal, and hence Br’ = Br.

Let J ={j€ P:r(j)+r(j) >0}and d = r —+'. Then Bd = Br — Br’ = 0 and as d(j) = 0 for every
j ¢ Jitholds that Byd; = 0, where By is the restriction of B to the columns in J, and similarly d; is the restriction
of d to coordinates in J. Applying Gaussian elimination to Byx = 0, and by integrality of B, we obtain rational
vectors spanning all of its real solutions. Clearing denominators, we obtain integer vectors h', ..., h* € ZI/I such that
span{h', h?,...  h*} = {x : Byz = 0}. Therefore, we can write d; = Y. _, a,h® for some real numbers as, . . ., .

Fix § € (0,1). For every ¢ define g, = > . _, | |[We|(1 — 6)aq | h*, extended by zero outside J. Note that Bg, = 0 and
limg— 00 go/|We| = (1 — §)d. Set Zg = Wy + qe. Since W, and ¢y are integral, ZZ is integral and as Bq, = 0, it holds that
BZ! = BW, implying | Z¢| = |W,| and u;(Z?) = u;(W,) for every i. Thus,

Zé W . qe ’ /
ZILOOW KILOCW‘FEILHolow—T +(1*6)d—(17(5)7"+57’

For j ¢ J we have Qg( ) = 0 implying Z{(j) = We(j) > 0, and for j € J, the limiting point (1 — 8)7(5) + o' (j) is
strictly positive. Hence Z{ is nonnegative for all sufficiently large ¢, implying it is a valid PAV-optimal committee. Finally,

let 0 < d,, < 1/m and choose a PAV-optimal committee Z,, from (ng)geN"me such that | Z,,/|Zm| — (1 — 6p)r +
T )|loo < 1/m.Then Z,,/|Zy,| — r and |Z,,| — oo implying r is in the lift of PAV optimality. O

For the next result, we first describe the method of equal shares in the apportionment setting.

Method of Equal Shares. It proceeds in rounds ¢t = 1,2, . ... Initially, each voter ¢ has a budget b;(1) = 1, the committee
is W = (), and the price of a seat is p = n/k. Let b;(t) be the amount of leftover budget of 4 just before iteration ¢. In
iteration ¢, a party j is said to be g-affordableif >, . , min(g, b;(t)) > p. If no party is g-affordable for any ¢ > 0, the
rule stops and returns . Otherwise, we select a party j that is g-affordable for a minimum ¢, and set W = W + {j}.
Then, set the budget of each voter ¢ that j € A; to b;(t + 1) = b;(¢) — min(q, b;(¢)), and set b; (¢t + 1) = b;(t) for the
rest of voters.

Lemma C.14. Consider a round ¢ of majoritarian portioning in which ties are broken according to a fixed priority
order over parties. Let R, be the set of active voters immediately before this round, let j, be the selected party, and let
NzZ{iGRg:ngAi}.

Suppose that there is a constant Cy, independent of k, such that for sufficiently large k, at some point in the execution of
MES on the instance (N, P, A, k), every voter i € Ry has remaining budget at least 1 — Cypy, while the voters outside
Ry have total remaining budget at most Cypy, where py, = n/k. Starting from this point, define stage ¢ as the consecutive
sequence of MES iterations ending with the first iteration after which some voter in N, has remaining budget less than
pr/|Ne|- Then there exist constants Ey, Dy, By, independent of k, such that:

1. at most Ey copies of parties other than jy are selected during stage {;

2. everyvoter in Ryy1 = Ry \ Ny has remaining budget at least 1 — (Cy + Ey)py;

3. at the end of the stage, the voters in Ny have total remaining budget at most Dypy; and

4. let n’g denote the number of copies of jy selected during this stage, then ’n’; — k'f’(jg)| < By.

Proof. For all sufficiently large k, we have 1 — Cypy, > pi/|Ne|. Thus, at the beginning of stage ¢, every voter in N, has
more than py, /| Np| remaining, meaning the stage is “well-defined”. Throughout the stage, every voter in Ny has a budget of
at least py /| N¢|, and since these contributions sum to py, the party jy is py /| Ny|-affordable. Consequently, the affordability
value ¢ of every party selected during the stage satisfies ¢ < pi/|N¢|.

Call an iteration exceptional if MES selects a party j # jg, and let a; := |[{i € Ry : j € A;}|. By the choice of j;, we
have a; < |Ny|. If a; < |Ny|, by integrality, a; < |N,| — 1, and the voters in R, contribute at most

Pk
1) 2h - L5
\NI |Ne|

a;q < (|Ne| =
Therefore, the voters outside R, contribute at least py, /| N|. Since their total remaining budget is at most Cypy, there can be
at most Cypy/(pr/|Ne|) = Ci|Ny| exceptional iterations of this type. Otherwise, a; = , and therefore j, has priority
over j. So MES can select j only if its affordability value is strictly smaller than that of j,. In particular, ¢ < pg/|N¢|. The
voters in Ry therefore contribute strictly less than ¢|Ny| < pg, so some voter outside R, must contribute. Moreover, the
affordability value of every selected party satisfies ¢ > py./n, since py, = . jea, min{q, b;} < ng, where b; denotes
voter ¢’s remaining budget. In each such exceptional iteration, either some voter outside R, exhausts her budget, which
occurs at most n times, or no such voter is exhausted. In the latter case, every contributing voter outside R, pays g, so
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these voters spend at least ¢ > pg/n. Since their total remaining budget is at most Cypy, this case can occur at most
Cypr/(pr/n) = nCl times. Thus, the total number of exceptional iterations is at most E; := Cy|N¢| +n + nCy.

In each exceptional iteration, any voter spends at most ¢ < py/|N¢| < pi. Hence every voter spends at most Eypy, over
all exceptional iterations. The voters in Ry = Ry \ Ny do not approve jy, so they spend only during exceptional iterations.
Each such voter therefore has remaining budget at least 1 — (Cy + FEy)py at the end of the stage.

At the beginning of the stage, the budget of every voter in Ny is at least 1 — Cypj, and at most 1. Thus, the budgets of
any two voters in [Ny differ by at most Cypy,. Whenever MES selects jy, all voters in N, pay the same amount. Exceptional
iterations can increase the difference between their budgets by at most F;py. Thus, throughout the stage, the budgets of
any two voters in N, differ by at most (Cy + Ey)pr. When the stage ends, some voter in N, has remaining budget less
than py, /| N¢|. Therefore, every voter in N, has remaining budget at most “f,’; P+ (C¢ + E¢)pi.. Hence their total remaining
budget is at most Dypy,, where Dy := 1 + |Ny|(Cy + Ej).

Finally, at the beginning of the stage, the voters in /N, have total remaining budget of at least | Ny|(1 — Cypy). They
spend at most Eypy, in total on exceptional selections, and retain at most Dypy, at the end of the stage. Thus, they spend at
least | N¢| — (|N¢|C¢ + E¢ + Dg)py on copies of j,. No voter in Ry \ Ny approves j, the voters in Ny have total budget at
most Ny, while the voters outside R, have total remaining budget at most Cypy,. Therefore, the total spent on copies of j, is
at most | Ny| + Cypg, implying | Ng| — (|N¢|Ce + E¢ + Dy)pr < ni?pk < |N¢| 4+ Cypy.. Dividing by px, = n/k gives

k|| k|Ne|

— (INe|C¢ + E¢ + Dy) < nf < + Cs.

Therefore, setting By := max{|N¢|Cy + E; + Dy, Cy}, we obtain ‘ni} — l-c|Ng|/n‘ = ‘ni} — kr(jm < By. O

Proposition C.15. Fix a priority order over P, and use this order to break ties in both majoritarian portioning and the
method of equal shares (MES). Then majoritarian portioning is the lift of the MES.

Proof. Let r be the portioning returned by majoritarian portioning, and suppose that the method terminates after L rounds.
Forevery £ € {1,..., L}, let Ry, j¢, and Ny be as in Lemma C.14. For every k € N, let W}, be the committee returned by
MES on (N, P, A, k).

We apply Lemma C.14 inductively. At the beginning of the execution of MES, every voter has budget 1. Thus, the
assumptions of the lemma hold for stage 1 with C'; = 0. Suppose that the assumptions of the lemma hold at the beginning
of stage ¢ for some constant Cy. By Lemma C.14, at the end of this stage, every voter in R;r; = Ry \ N, has remaining
budget at least 1 — (Cy + E;)pi. Moreover, the voters outside R, have total remaining budget at most Cypy,, while the
voters in N, have total remaining budget at most D,py,. Hence, the voters outside R, have total remaining budget at most
(C¢ + Dy)py. Therefore, the assumptions of the lemma hold for stage £ + 1 with Cyp11 := Cp + max{Ey, D;}.

After stage L, we have Ry 1 = (), and the preceding induction shows that the voters have total remaining budget at
most Cr4+1pk. Since every additional copy costs pi, MES can select at most C'z,; further copies after stage L. Also,
the total number of exceptional iterations is bounded by ZeL:l E,, implying that 0 < Wy (j,) —nk < Zszl E/+Cryy
for every £ € {1, ..., L}. Combining with |nf — kr(je)| < Be, we obtain [Wy(jie) — kr(je)| < S¢; Ee + Cry1 + By
for all sufficiently large k. Similarly, if 7 ¢ {j1,...,jr}, we have 7(j) = 0, and 0 < Wi(j) < Zle Ey+ Cr4a.
Therefore, |Wi(5) — kr(j)] < 25:1 E; 4+ Cry1 + By, for every j € P and Wy(j)/k — r(j). Note that MES
does not necessarily return a committee of size k, and |Wj| < k. However, since ) jep r(j) = 1, it follows that

Wil/k=32ep Wk(3)/k = > ,cpr(j) = 1. In particular, [Wy| — oc. Finally, for every j € P,

Wi(s)  Wi(j)/k
Wil — Wi/l

r(4),

and Wk/‘Wkl —T.

It remains to verify that the above convergence characterizes the lift of MES according to Definition 3.1'". First, consider
committee sizes of the form k = mn, where m € N. In this case, pr = n/k = 1/m, and MES exactly follows the rounds
of majoritarian portioning. Indeed, inductively, at the beginning of round /, every voter in R, has budget 1, while every
voter outside Ry has budget 0. The party j, is 1/(m|N,|)-affordable, and no party has a smaller affordability value because
J¢ has the largest number of active supporters; ties are resolved in favor of j, by the fixed priority order. Thus, MES selects
exactly m|Ny| copies of jp, exhausting the budgets of the voters in Ny, before proceeding to the next round. Consequently,
Win(Je) = m|Ng| = mnr(j,) for every ¢, and hence |W,,,,| = mn and Wi, /|Winn| = r. Therefore, (W, )men
witnesses that r satisfies the lift of MES.

Conversely, suppose that a portioning ¢ satisfies the lift of MES, witnessed by a sequence (V;;,)men. Since ties are
broken according to a fixed priority order, MES has a unique outcome for every committee size, and hence V,,, = W)y, |.
As |Vp,| — oo, the convergence established above implies V,,,/|Vy.| = Wy, |/IW)v,,|| — 7. Since V,,/|Vin| — ¢ by
assumption, we obtain t = 7. Hence, majoritarian portioning is precisely the lift of MES. O

''The subtlety is that W is the outcome of MES on (N, P, A, k), and not on (N, P, A, |Wy|) as required by Definition 3.1.
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C.3 Implication Relations

Proposition C.16. Suppose that, on all apportionment instances, predicate X implies predicate Y. Then, 1ift(X) implies
lift (Y') in all portioning instances. Similarly, if for each apportionment instance, there exists a committee satisfying X, it
must be true that, for each portioning instance, there exists a portioning satisfying 1ift(X).

Proof. Assume apportionment predicate X implies Y. Let the portioning r satisfy lift(X) witnessed by committees (W),
such that [W,| — oo and W, /|W,| — r. Each W/ satisfies X ; hence, by the assumption, each W, also satisfies Y. Therefore
r satisfies lift(Y") witnessed by (W;),.

For existence, consider committees W}, satisfying condition X for each committee size k. Consider the normalized
sequence (W /k) € [0,1]F for k = 1,2, . ... Since [0, 1]¥ is compact, there exists a convergent subsequence, whose limit
satisfies lift(X') by definition. O

Proposition C.17. The lifts of the following axioms are equivalent: bounded PAV improvement, local PAV optimality, PAV
optimality, and Lindahl priceability.

Proof. The following implications are inherited from the apportionment setting
lift(PAV opt.) = lift(local PAV opt.) = lift(bounded PAV improvement) < lift(Lindahl pr.)

By Proposition C.11, the lift of Lindahl priceability is Lindahl equilibrium. Fain et al. [FGM16] showed that Lindahl
equilibrium is equivalent to Nash optimality, which is the lift of PAV optimality by Proposition C.13. This completes the
proof. O

Theorem C.18. Every core stable portioning r satisfies priceability.

Proof. Consider a core stable portioning 7. First, note that letting for every voter ¢, letting |S| = {4} and ¢ = e;/n for some
j € A, core stability implies u;(r) > 1/n > 0.
Applying Lemma B.5 to the graph G = (N U P, E) where (¢, j) € E if and only if j € A;, it suffices to verify that for

every P’ C P,
ey or) < Y. 1= (AnP)£0}
jep! §:(A;NP") A0
Fix a subset P C P.If 37 p 7(j) = 0, as u;(r) > 0 for every 4, we get |{i : (4; N P’) # 0}| = n and the inequality
holds.
Otherwise, let S = {i : A; C P\ P'}, and define ¢ as follows

1G) =4 Sygr@r #
0 jepP

So we get ||t[|; = [S]/n, and by core stability there exists i € S such that u;(r) > u;(t) = wi(r)/ (X ;¢p (7)) - [S]/n
where the equality holds because i € Sand A; € P\ P'. Asu;(r) > 0, by rearranging the terms we get | S|/n < >~ p, 7(j).-
Therefore 1 — [S|/n > 1 =3 p 7(j) implying [N\ S|/n > 37, p, 7(j) where N\ S = {i: A; N P’ # 0}. O

We next confirm that there are no other implication relations in Fig. Ic. For the reader’s convenience, the figure is shown
again below. Each axiom label refers to the lift of the named axiom.

PAV Optimality

(Local PAV Optimality

v

Bounded PAV Imp.j

Lindahl Pr.

( J
KCore StablhtyJ

Priceability

23



Example C.1. Let n = 3 and P = {a, b}. The voters have approval sets A; = {a}, Ay = {b}, A3 = {a, b}, and the
selected portioning is r = (1/3,2/3).

Proposition C.19. Core stability does not imply Lindahl priceability.

Proof. In Example C.1, portioning 7 satisfies core stability, but it does not satisfy (lift of) bounded PAV improvement as

0log NW(r) 1
gV _ — —4>3=n.
or(a) i:;&: u; ()

By Proposition C.17, r is not Lindahl priceable. O

Example C.2. Letn = 4 and P = {a, b, c}. The voters have approval sets A; = {a}, A2 = {b}, A3 = {c}, Ay = {b, ¢},
and the selected portioning is r = (1/3,1/3,1/3).

Example C.3. Letn = 4 and P = {a, b, ¢, d, e}. The voters have approval sets A; = {a}, Ay = {b,d}, A3 = {c,e}, As =
{d, e}, and the selected portioning is r = (1/4,1/4,1/4,1/8,1/8).

Proposition C.20. Priceability and EJR are incomparable.

Proof. In Example C.2, portioning r satisfies EJR, but is not priceable: voter 1 only approves a, implying p;, = 1, and
a is only approved by voter 1, implying p1, = n - r(a) = 4/3. In Example C.3, portioning r is priceable witnessed by
Pla = 1,p26 = 1, 03¢ = 1, paa = pae = 1/2, and all other prices equal to zero, but S = {3, 4} blocks EJR. O

The above proposition implies that PJIR, which is weaker than priceability, does not imply EJR either.
Proposition C.21. EJR does not imply core stability.
Proof. In Example C.2, portioning r satisfies EJR, but S = {2, 3,4} and t = {0, 3/8, 3/8} blocks core stability. O

D Committee Elections

A committee election instance is a tuple (N, C, A, k). By default, i ranges over the set of voters N and j over the set of
candidates C. A committee is a subset of candidates W C C of size |[W| = k. We write u; (W) := |[W N A;| for voter ¢’s
utility for committee W. ¢(S) := [|S| - k/n] is the (Hare) quota of a set of voters S C N.

D.1 Definitions

Fix an instance (N, C, A, k) and a committee V. We say that a nonempty group S C N is ¢-cohesive, for some ¢ € N, if
q(S) > ¢and |(,cg Ai| > €. Then:

JR. W satisfies justified representation if, for every 1-cohesive group S C N, there exists a voter ¢ € S with u; (W) > 1.

EJR. W satisfies extended justified representation if, for every ¢ € N and every ¢-cohesive group S C N, there exists a
voter i € S with u; (W) > £.

a-EJR+. Given o > 1, W satisfies extended justified representation plus if, for every nonempty S C N with ((),cg 4i) \
W # 0, there exists a voter i € S with u;(W) > ¢(5) /.

a-FJR. Given a > 1, W satisfies «-full justified representation if, for every ) # S C N, every T' C C of size |T'| < q(95)
and every 8 € N such that u;(T) > oS forall i € S, there is ¢ € S with u;(W) > 3.

PJR. W satisfies proportional justified representation if, for every £ € N and every ¢-cohesive group S C N, it holds that
‘W N Uies Ai’ > L.

a-PJR+. Given oo > 1, W satisfies proportional justified representation plus if, for every nonempty S C N with
(Nies Ai) \ W # 0, it holds that |[W N ;cq As| > q(S)/a.

a-FPJR. Given o > 1, W satisfies a-full proportional justified representation if, for every nonempty S C N, every
subset of candidates 7' C C' of size |T'| < ¢(5), and every 8 € N such that u;(T) > «a-6 for all ¢ € S, it holds that
|W mUz‘eSAi| > .

Core Stability. W satisfies core stability if, for every nonempty S C N and every subset of candidates 7" C C of size
|T| < q(S), there exists a voter ¢ € S with u;(T) < u;(W).

Lindahl Priceability. W is Lindahl priceable if there exist nonnegative personalized prices (p;;); j suchthat . p;; < n/k
for all j and such that, for any voter ¢ and subset of candidates 7' C C with ) serbij <1, it holds that u; (T") < u;(W).
(Conceptually, 7 cannot afford any outcome they prefer over W within a budget of 1.)
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a-Frugal Lindahl Priceability. Given oo > 1, W is a-frugal Lindahl priceable if there exist prices (p;;); ; > 0 such that
(i) >, pij < n/k forall j; (ii) whenever ZjeT pi; < 1for some i and T' C C, it holds that u;(T") < a-u;(W); and
(iii) p;; < p;j» whenever j € A;NTW and j' € A; \ W.

a-Priceability. T is a-priceable for o > 1 if there exist nonnegative payments (p;;); ; and a per-unit price p > 0 such
that p;; = 0 whenever j ¢ A;, >-,pi; < 1foralld, 7, p;; = pforall j € W, pj; =0forall j € C'\ W, and

o A (1- Z rec Pijr) < ap for all j € C'\ W. (Conceptually, the unspent budget of j’s supporters is at most «-p.)
Bounded PAV Improvement. W satisfies bounded PAV improvement if, Ajj; (j) < n/k forevery j € C \ W.
Local PAV Optimality. W is locally PAV optimal if, PAV(W —{j}+{Jj }) < PAV (W) for all candidates j € W and
j e C\W.
PAV Optimality. W is PAV optimal if, PAV(W’) < PAV (W) for every committee W"'.

D.2 Newly Introduced Axioms

Bounded PAV Improvement Since we formally treat bounded PAV improvement as an axiom, we include, for completeness,
the proofs that bounded PAV improvement implies EJR+ and is implied by local PAV optimality. The following was
established implicitly in the proof that PAV satisfies EJR, before EJR+ was introduced in Brill and Peters [BP23].

Proposition D.1 ([ABC+17]). Bounded PAV improvement implies EJR+.

Proof. We will prove the contrapositive. Consider a committee 1 which does not satisfy EJR+, that is, there exists some
S C N and ¢ € NiegA; \ W such that u; (W) < ¢(S) for every i € S. Therefore,

* (e) = cl) — 1 _ 5| n
A (¢) = PAV(W U {c}) — PAV(W >;ul +1*;q(5) 8] k/n] = &

implying W does not satisfy bounded PAV improvement. O
The following observation has been frequently used in the proofs related to PAV optimality [ABC+17; BGP+24; BP23].

Observation D.1. Given an instance (N, C, A, k) and a committee W, the sum of marginal contributions of candidates in
W to its PAV score, jew A;V( J), is at most n. Consequently, there exists some candidate ¢ € W such that

Ay (c) = PAV(W) — PAV(W \ {c}) < n/k.

Proof.

S ARl = Y PV PV Gh= Y Y e Y Y e s e
jeEW JjEW JEW ijeA; i irui (W)>05EA; i (W)>0
An averaging argument directly implies the existence of a candidate c. O

Proposition D.2. Local PAV optimality strictly implies bounded PAV improvement.

Proof. We first prove the contrapositive of (weak) implication. Consider a committee W which does not satisfy bounded
PAV improvement, meaning there exists ¢ € C'\ W such that A{};(c) > n/k. By Observation D.1, there exists ¢’ € WU {c},

satisfying Ay, (¢/) < n/(k + 1). This implies
PAV(W U {c} \ {¢'}) = PAV(W) = A (c) = Ay (¢) = n/k—n/(k+1) >0,

which means W is not locally PAV optimal.
If the implication were not strict, then bounded PAV improvement would imply local PAV optimality. By Proposition B.1,
this implication would carry over to the apportionment setting, contradicting Proposition B.8.

From the above proof, we can observe that local PAV optimality implies A}, (c) < n/(k + 1) forevery c € C'\ W. We
nevertheless use the weaker bound < n/k in the definition of bounded PAV improvement for two reasons. First, so that a
committee satisfying the axiom can be found in polynomial time. Second, in the apportionment setting, this condition is
equivalent to Lindahl priceability. Moreover, the following example shows that the bound in bounded PAV improvement is
tight for guaranteeing EJR+. In particular, if the strict inequality is replaced by the weak inequality A} w () < n/k for every
j € C'\ W, the resulting condition no longer implies EJR+.

Example D.1. Letn =4, k = 2, and C = {a, b, c}. Approval sets are A; = {a}, Ay = {b}, A3 = Ay = {c}, and the
elected committee is W = {a,b}. Here S = {3, 4} blocks EJR+, and we also have A}, (c) = 2 = n/k.

25



The next result about proportionality degree provides another reason why bounded PAV improvement is an interesting
axiom. For a more detailed discussion of proportionality degree, see Skowron [Sko21].

Proposition D.3. If a committee W satisfies bounded PAV improvement, then W has optimal'> proportionality degree of
¢ — 1. That is, for every { € N, and every group S C N with size |S| > £ - n/k, it holds that if | ;e g Ai| > £ — 1, then

ré,IZZeSUZ(W) Z /—1.

Proof. Let W be a committee satisfying bounded PAV improvement, meaning that Aj, (j) = 3", jea, /(wi(W)+1) <
n/k for every j € C'\ W. For £ = 1, the claim follows immediately from the nonnegativity of utilities. Thus, suppose
¢ > 2 and toward a contradiction, assume there exists a set S satisfying [S| > £ - n/k, [[\;cg Ai] > £ — 1, and

|—é| Y ics ui(W) < £ —1.1f every candidate in (), g A; was in W, we must have u;(W) > £ — 1 for every i € S, which

is not true. So, there exists a candidate ¢ € [),. o 4; \ W. It holds that

ics
1
Ay (c) > ZGZS V) 1 (as every i € S approves c)
Ll — T 1)) > 1)°b hy-Sch
= ZZES(U’Z( )+ 1) ((Zies ui(w)+1) (Xies (@i(W) +1)) = (Xicg1)" by Cauchy-Schwarz)
. __IsP (as Yieq ui(W) < [S](£— 1))
IS\(€—1)+|S| es
_Isiyn
¢~k
This contradicts bounded PAV improvement, and completes the proof. O

Example D.2. Letn = 6, k = 3, and C = {a, b, ¢, d}. Approval sets are A} = Ay = A3 = {a,c}, Ay = A5 = {b,c} and
Ag = {d}, and the elected committee is W = {a, b, d}.

PAV is known to violate FPJR in some instances [KLLK25]. Since PAV optimality is stronger than bounded PAV
improvement by Proposition D.2, it follows that bounded PAV improvement implies neither FPJR nor any axioms stronger
than FPJR, like Lindahl priceability. The following proposition implies that Lindahl priceability and bounded PAV
improvement are incomparable, even though the two axioms coincide in the apportionment setting by Theorem 2.2.

Proposition D.4. Lindahl priceability does not imply bounded PAV improvement.

Proof. InExample D.2 W is Lindahl priceable witnessed by p1, = p2qa = D3a = 2/3,P4b = Psp = 2/3,D1c = P2c = P3c =
Pac = pse = 2/5, and zero otherwise. But it does not satisfy bounded PAV improvement as Af,(c) = 2.5 > n/k =2 O

Most of the axioms in Fig. 1a are implied by Lindahl priceability and therefore, by Proposition D.4, do not imply bounded
PAV improvement. Moreover, priceability does not imply EJR+ and hence cannot imply bounded PAV improvement. It
remains to show that EJR+, which is not implied by Lindahl priceability, also does not imply bounded PAV improvement.

Frugal Lindahl Pr. PAV Optlmahty

Local PAV Optlmahty

Priceability

Proposition D.5. EJR+ does not imply bounded PAV improvement.

12Aziz et al. [AEH+18] showed a proportionality degree of larger than [ — 1 is not achievable.
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Algorithm 1: Satisfying Bounded PAV Improvement

Input: A committee election (N, C, A, k)

Output: A committee W C C
1: Choose an arbitrary committee W C C of size |[W| =k
2: while there exist c € C \ W such that A"‘ ) > 2 do
3:  Find ¢ € W maximizing PAV(W U {c} \ {d }]3
4 W—wWU{c\{c}
5: return W

Proof. Suppose, for contradiction, that EJR+ implies bounded PAV improvement. By Proposition B.1, this implication
would carry over to the apportionment setting. By Theorem 2.1 EJR+ coincides with EJR in apportionment, and therefore,
from Proposition B.6 we conclude EJR+ does not imply core stability and therefore the stronger notion of Lindahl
priceability, in the apportionment setting. By Theorem 2.2, bounded PAV improvement coincides with Lindahl priceability,
a contradiction. O

Finally, for convenience of the reader, the polynomial procedure for finding a committee satisfying bounded PAV
improvement is given in Algorithm 1. The polynomial running time of this procedure was first established by Skowron et al.
[SLES17]. By Observation D.1, each iteration increases the PAV score by at least n/k — n/(k + 1). Since PAV score is
bounded by n - H (k), the algorithm terminates after O(k? log k) iterations.

Frugal Lindahl Priceability We showed in Theorem 4.2 that (1-)frugal Lindahl priceability implies bounded PAV
improvement, whereas Proposition D.4 establishes that Lindahl priceability alone does not. Thus, the frugality requirement
provides a genuine and meaningful strengthening. We next show that this strengthening is nevertheless mild: in the
apportionment setting, (1-)frugal Lindahl priceability and Lindahl priceability coincide.

We first derive the definition of frugal Lindahl priceability in the apportionment setting using the embedding from
Definition B.1.

Proposition D.6. Following Definition B. 1, the definition of frugal Lindahl priceability in apportionment is as follows:

Given an apportionment instance (N, P, A, k), a committee W : P — N is frugal Lindahl priceable if there exist prices
(pij)ij = O such that (i) ), pij < n/kfar all j; (ii) whenever 3, T(j)pij < 1 for some i and T : P — N, it holds

that u;(T) < u;(W); and (iii) p;; < pij for every j,j’ € A; such that W(j) > W(j).

Proof. Following Definition B.1, given the apportionment instance (N, P, A, k), committee W is frugal Lindahl priceable
if and only if W is frugal Lindahl priceable for (N, P!, A k).
Assume that W is frugal Lindahl priceable, witnessed by (pl,); . pei. Fix a voter 4, and let 7; = min{p;jm :

j € A, £ > W(j)} be the minimum price of an approved unelected clone. Such a clone always exists because
every party has k + 1 clones and W (j) < k. By condition (iii), every approved elected clone has price at most 7,
and hence . qciqpa Pie < ui(W)T;. Moreover, the set consisting of all approved elected clones together with an

approved unelected clone of price 7; gives voter ¢ utility u;(WW) + 1. The utility-maximization condition therefore implies
> ccadmwe Pie + i > 1. Consequently, (u;(W) + 1)1, > 37  qciqye Pie + 7i > 1, and thus 7; > 1/(u;(W) + 1). For
every j € A; define

k+1
. 1 ,
pij =M ST Y Pl i€ AL W) <SW(3) g,
I mwin
and set p;; = 0 for every j ¢ A;.
For every j € P, we have p;; < Zi:vlv( i)+1 Pij) Whenever j € A;, while p;; = 0 otherwise. Therefore,

k+1

1
Yor S oy 2 Lt Sg

=W()+1 i

Thus, condition (i) holds. Also, p;; > 7; > 1/(u;(W)+1) forevery j € A;. Hence,if T : P — Nsatisfies u;(T") > u;(W),
then 3, T'(j)pi; > wi(T) minje a, pij > (u;(W) + 1) minje 4, p;; > 1, establishing condition (ii). Finally, suppose that
J.j € A and W(j) > W(j'). Then {h € A; : W(h) < W(j)} C{h € A; : W(h) < W(j)}, and hence p;; < p;;.
Thus, condition (iii) holds, and W satisfies the stated definition.
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Conversely, assume that W satisfies conditions (i)—(iii) of the stated definition, witnessed by (p;;);,;. For every i and
j € A;, wemusthave p;; > 1/(u;(W)+1). Indeed, otherwise the multiset consisting of u; (W) +1 copies of j would cost at
most 1 and give voter ¢ utility u,; (W) + 1, contradicting condition (ii). Therefore it holds that min ;¢ 4, p;j+ > 1/(u;(W)+1).
Define prices for the cloned instance by setting

minj/eAi Dij’s lf] € A1 and / S W(]),
Pije = 9 Pijs if j € Ajand £ > W(j),
0, ifj ¢ A,.

For an elected copy j(©), we have Do p;j(z) = ,minjeca, pijr <>, pij < n/k. For an unelected copy 7, we similarly
have Zipgjm < Y, pij < n/k. Next, for every i and ¢ € A, it holds that p}, > minjea, pijy > 1/(u;(W) + 1).
Thus, any T C P satisfying u;(T) > u;(W) has total price at least (u;(W) + 1)minjea, p;j» > 1. Finally, as
ming e a, pijr < pij it holds that pj. < pl., whenever c € AN W< and ¢/ € A\ Wel. Therefore, W¢! is frugal Lindahl
priceable. H

Proposition D.7. In the apportionment setting, frugal Lindahl priceability and Lindahl priceability are equivalent.

Proof. By Proposition B.1, frugal Lindahl priceability implies Lindahl priceability in the apportionment setting. As bounded
PAV improvement is equivalent to Lindahl priceability in apportionment, it suffices to prove that bounded PAV improvement
implies frugal Lindahl priceability. This directly follows from the second direction of the proof of Theorem 2.2. Just notice
that the suggested prices satisfy condition (iii) of frugal Lindahl priceability. O

We next show (1-)frugal Lindahl priceability is implied by stable priceability [PPSS21]. This strengthens the result by
[PPSS21] that stable priceability implies core stability.'> We start by the definition of stable priceability.

A committee W is stable priceable if there exist nonnegative payments (p;;); ; and a per-unit price p > 0 such that (1)
pij = 0 whenever j & A;,(2) >, pi; < Lforalli, (3) 3, p;; = pforallj € W, (4) 3>, pi; =0forall j € C'\ W, and
(5) there exist no nonempty set of voters S C N, no nonempty set of candidates 7' C C'\ W, no nonnegative payments
(p;j)i,jeT, and no sets (R;);cs with R; C W, such that

(@) > ;cgpi; > pforevery j €T,
(b) ZjGW\Ri Pij + ZjeTpgj < 1foreveryi € S; and
(c) foreveryi € S, either u; (W \ R;)UT) > w;(W), oru; (W \ R;)UT) = u;(W)and D iew\r, Pis T2 jer Py <
ZjeW Dij-
Peters et al. [PPSS21] showed that condition (5) can equivalently be represented as

Z max 1—Zpij,maxpij <p foreveryc € C\ W 5)
j

i:c€EA; i

Proposition D.8. Stable priceability implies (1-)frugal Lindahl priceability.

Proof. Consider a stable priceable committee 1V witnessed by payments (p;;); ; and per-unit price p. First, note that
summing the payments over all candidates gives k-p =3, >, pij = >, >, pij < n, implying p < n/k. For every voter
ileth; =1— 3, p;; be their remaining budget, and M; = max {b;, max; p;;} > 0.

If p < n/k, choose e > 0 sufficiently small such that p + ne < n/k.If p = n/k, let ¢ = 0. Define personalized prices
(gij)i,; bY

Dij JEW
g = M;i+e j¢Wandje A
0 j¢Wandj ¢ A

We now verify (g;;);,; is a certificate of (1-)frugal Lindahl priceability. For every j € W, it holds that ), ¢;; =
>_ipij =p < n/k. Forevery j ¢ W using Eq. (5) it holds that ), ¢i;; = >, ;c 4,(M; + &) < p+ ne < n/k, meaning
condition (i) of frugal Lindahl priceability holds. To verify condition (ii), fix a voter i and a set T C C such that
wi(T) > u;(W). As |A; NT| = u;(T) > uw;(W) = |A; N W|, we have

(AiNT)\W| > [(AinW)\T|+ 1. (6)

3To the best of our knowledge, it has not previously been observed that stable priceability implies Lindahl priceability.
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It holds that

Z qij = Z Pij + Z (M; +¢)

JET JEA;NT)NW JE(ANT)\W
> N pit Y (Mit+e)+(Mi+e) (by Eq. (6))
JE(A;NW)NT JE(ANW\T
> Z pij + (b +¢€) (as M; > p;; for every j and M; > b;)
JEANW
=1+¢ @S > ica,nwPij +0i =23 pij+bi =1
>1

If € > 0, the last inequality is strict, and if ¢ = 0, we have p = n/k, and the total spent budget is n, meaning b; = 0 for

every i. Therefore, M; > b; and the third inequality above is strict. So, jer 9i; > 1 and condition (ii) holds as well.
Finally, consider any voter i, and candidates ¢ € A; N W and ¢’ € A; \ W. By construction, g;c = pic < M; <

M; 4+ ¢ = q;-. Hence condition (iii) is also satisfied. O

Stable priceability was introduced to strengthen the notion of priceability. Unfortunately, priceability is not implied by
frugal Lindahl priceability.

Proposition D.9. (I-)frugal Lindahl priceability does not imply priceability.

Proof. Suppose, for contradiction, that frugal Lindahl priceability implies priceability. By Proposition B.1, this implication
would carry over to the apportionment setting. However, by Proposition D.7, frugal Lindahl priceability coincides with
Lindahl priceability in apportionment, while Proposition B.9 shows that Lindahl priceability does not imply priceability in
this setting. O

Proposition D.10. (I-)frugal Lindahl priceability does not imply local PAV optimality.

Proof. The reasoning is analogous to the proof of Proposition D.9, except we need the equivalence of Lindahl priceability
and bounded PAV improvement (Theorem 2.2) and that bounded PAV improvement is strictly weaker than local PAV
optimality in the apportionment setting (Proposition B.8). O

D.3 Deferred Proofs
Proposition D.11. In committee elections, PJR+ implies 2-FPJR.

Proof. The proof is identical to the proof for the first part of Theorem 4.1. Recreating the proof of Proposition B.4, we can
already see that, if there were a (1-)FPJR violation S, T, 5 such that T' C C'\ W, there must be a group of size at least
B - n/k who all like one element of ' € C'\ W, so a PJR+ violation.

We now assume that W violates 2-FPJR and will deduce a PJR+ violation from that. We are given S, T, 5 such
that u;(T) > 28 > 2u;(W) forall i € S. Since |[A;, "N W| < fand |[A;NT| > 25, |A; N (T \ W)| > (. But then,
w,(T\W) > p>u;(W)foralli € S,s05,T\ W, witnesses a 1-FPJR violation with a candidate set T\ W disjoint
from W, so we obtain a contradiction with PJR+ as explained above. O

We next show that none of the remaining implications established in the apportionment setting hold approximately in
committee elections.

Given a committee election (N, C, A, k), we define the utility vector of a committee W as us(W) = (|4, N
Wl,...,|[A. N W|) A possibly irresolute'* voting rule f is welfarist if, for every k, there exists a function g mapping
utility vectors to real values such that,

f(Na CaAvk) = argmax gk(uA(W))
WCC: |W|=k

We say that a welfarist rule is Pareto optimal if the functions gy, are strictly increasing, and it is easy to see that the
corresponding committee rule is then Pareto optimal in the usual sense.

Unlike the apportionment setting, where PAV satisfies priceability as shown in Theorem 2.3, Peters and Skowron [PS20]
showed no Pareto optimal and welfarist voting rule satisfies priceability in committee elections. In fact, the following more
general result also holds.

Proposition D.12. For any constant oo > 1, there exists no Pareto optimal welfarist rule that would always return an
a-priceable committee.
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(a) Instance 1 (b) Instance 2

Figure 2: Each rectangle represents a block of ¢ identical candidates. Each voter approves more than k¥ = 57t candidates,
and k candidates are colored to illustrate a committee. The figure is reproduced from Peters and Skowron [PS20].

Proof. Fixing a > 1, the proof by Peters and Skowron [PS20] goes through by creating ¢ clones of each candidate and
setting k = 57t for some integer ¢ > «. For completeness, we include the complete proof below.

Consider Instance 1 shown in Fig. 2. There are 12 voters, the committee size is k = 57, and each voter approves at least
57t candidates. Suppose, for contradiction, that there exists a Pareto optimal welfarist rule f that always returns a-priceable
committees. Let gi be as in the definition of welfarist rules, and W be an a-priceable outcome of f on instance 1, witnessed
by (p, (pij)ij)-

We first show that each of the last six voters has strictly fewer than 6 representatives in W. Suppose, toward a
contradiction, that one of these voters, say vr, has at least 6¢ representatives. Since no other voter approves the candidates
approved by v7, this voter must pay for them alone, and hence p < 1/(6t). As ¢t > «, this implies ap < 1/6. Each of the
other five voters must have at least 5¢ representatives. Indeed, a voter with fewer than 5¢ representatives would have a
remaining budget greater than 1 — 5tp > 1/6 > «p, contradicting c-priceability. Thus, at least 6¢ + 5 x 5t = 31t seats are
filled by candidates approved by voters vy, ..., v12, leaving at most 57¢ — 31t = 26t seats for the remaining candidates.
Hence, the total spending of voters vy, . .., vg is at most 26tp < 26/6. Their average remaining budget is therefore at least
(6 —26/6)/6 > + > ap. Consequently, one of these voters has a remaining budget greater than ap and can afford an
unelected private candidate, again contradicting a-priceability.

Second, we show that each of the last six voters has strictly more than 3¢ representatives. Suppose, toward a contradiction,
that one of these voters, say v7, has at most 3¢ representatives. Since v; approves an unelected private candidate, a-priceability
restricts their remaining budget to be at most ap, that is, 1 — 3tp < ap, and therefore p > 1/(3t + ) > 1/(4t). It
follows that each of the other five voters has at most 4¢ representatives. Hence, at most 3t + 5 x 4¢ = 23t candidates of
A7 U---U Ao belong to W. This leaves at least 57t — 23t = 34t seats for candidates approved by voters vy, . .., vg. At
most 3t of these are clones of cj, c2, c3, so W contains at least 31¢ private candidates approved by the first six voters. Thus,
one of these voters approves at least 31¢/6 > 5t private candidates in W. Since no other voter approves these candidates,
we obtain p < 1/(5t), contradicting p > 1/(4t).

Summarizing, each of the last six voters has strictly between 3¢ and 6¢ representatives in every c-priceable committee.
Since fewer than 36t members of W are approved by voters vz, . .., v12, more than 21¢ members are approved by voters
v1,..., V6. Since f is Pareto optimal, all 3¢ clones of ¢y, co, c3 must belong to WW. Indeed, if one of these clones were not
selected, it could replace a selected private candidate approved by one of the first six voters, making the other five voters
strictly better off without making anyone worse off. Therefore, W contains more than 18¢ private candidates approved by
voters vy, . . ., Ug. Together with the 3¢ common candidates, these voters have total utility greater than 18t + 6 x 3t = 36t,
and hence average utility greater than 6¢. Let u; denote the welfare vector of 1.

Consider Instance 2, which is obtained from Instance 1 by exchanging the roles of the first and last six voters. By the
same reasoning, in every committee selected by f, each of the first six voters has strictly between 3¢ and 6¢ representatives,
all 3¢ clones of ¢y, co, c3 are selected, and the last six voters have average utility greater than 6¢. Let uy denote the welfare
vector of such a committee.

Observe that both u; and uy are achievable in both instances. To preserve a utility vector when moving from one
instance to the other, select all 3t common candidates, remove 3t private representatives from each voter who gains the
common candidates, and add 3¢ private representatives for each voter who loses them. This is possible because every
coordinate of u; and uy is greater than 3¢, and it preserves the total committee size. In Instance 1, the vector us cannot
be selected, since each of its first six coordinates is smaller than 6, whereas every selected committee gives these voters
average utility greater than 6¢. Therefore, g (u1) > g (uz). By the symmetric argument applied to Instance 2, we obtain

“Meaning that the voting rule maps the given instance to a set of committees and not necessarily a single committee.
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gr(uz2) > gi(uy), a contradiction.

Proposition D.13. EJR does not imply any constant approximation of FPJR or PJR+.

Proof. Fix a prime ¢, let Z, = {0,1,...,¢ — 1}, and ¢t = [logQ(q2 + lﬂ . Consider the instance (N, C, A, k) with
n="k=q*and N = Z2 = {(a,b) : a,b € Zg}. Since ¢*> < 2 — 1, we can assign each voter (a, b) a distinct nonempty
subset R, p) € R = {r1,72,...,7}. The candidate setis C' = RU I U D, where R = {ry,..., 7} is the set of regular

candidates, I = {cy, : u,v € Zg} is the set of irregular candidates, and D = {d,, ... ,dy_.} is the set of dummy
candidates. Voter (a, b) approves the following candidate:

A(a,b) = R(a,b) U {Cu,(au+b) mod g + U S Zq}

Since q is prime, every irregular candidate is approved by exactly ¢ voters, and any two distinct voters have at most one
approved irregular candidate in common. Indeed, if a # ¢, the equations au + b = cu + d (mod ¢) have a unique solution
u € Zg; if a = cand b # d, they have no solution.

Consider the committee W = R U D, which consists of all regular and dummy candidates. Consider any ¢-cohesive
group S with [S| > 2. We have | N4 35 Aa,p)| > ¢, and at most one of the common candidates is irregular. Thus,
| N(a,p)es Riapy| > £ — 1. On the other hand, because all R, ;) are distinct, for at least one voter (a,b) € S we have
Rapy € Nie,ayes Rc,a), implying £ < R )| = |Aq,5y " W] and S does not block EJR. If |S| = 1, then as n = k, every
voter deserves one candidate, so S must be 1-cohesive. However, every voter approves at least one regular candidate in W,
and a 1-cohesive group cannot block EJR.

On the other hand, every irregular candidate c,, ,, is approved by g voters, and under PJR+ these voters must collectively
approve at least ¢ candidates in V. But the voters approve at most | R| = ¢ candidates, implying W violates a-PJR+ for
every a < q/t. Also, consider S = N and T = I. We have ¢(S) = ¢° = |T, every voter (a,b) € S approves exactly ¢
candidates in 7', and they collectively approve at most |R| = ¢ voters in in W, implying W violates a-FPIR for every
o < q/t. Finally, note that ¢/t = q/ [log,(¢* + 1)] — oo as ¢ — oo completing the proof. O

As PJR is implied by EJR, a-EJR+ implies a-PJR+, and o-FJR implies a-FPJR, we can directly conclude the following
from Proposition D.13.

Corollary D.14. EJR does not imply any constant approximation of FJIR or EJR+, and PJR does not imply any constant
approximation of FPJR or PJR+.
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